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I. Intr oduction

We consider the problem of identifying a P-input M -output linear time-invariant Finite Impulse Re-
sponse (FIR) system,P > 1, basedon the system output. This problem is referred to as blind system
identi cation and appearsin many contexts, such as speed restoration in the presenceof competing
spealers, bioengineering,and multi-user multi-accesscommunications.

Identi cation in the caseof spatially independert and temporally white inputs has been approadced
mainly using higher-order statistics of the system output [3], [10], [14], [4]. Identi cation for inputs that
are stationary non-white but can be modeled aslinear processedias beenapproaced using either second
([8], [15], [6]) or higher-order statistics ([12],[20]). In those cases,if the input statistics are unknown the
inputs can be decoupledbut there is a remaining shaping Tter ambiguity in ead input. Under certain
conditions the shaping Tter ambiguity can be removed [12], [6], [2].

The identi cation problem can be simpli ed if someinformation about the input is available, or if
the inputs can be manipulated. Assuming that the input signals have the same known period, and
under certain channel conditions, a method for separation of nite alphabet signals has been proposed
in [16]. In [5], by inducing cyclostationarity in the input signals a closed form solution was obtained
basedon exclusively second-orderstatistics. Second-ordercyclostationary statistics has also beenusedin
[1] for blind MIMO identi cation in OFDM-based multiantenna systems. In [7] a special structure was
imposedon ead input and the resulting MIMO problem with coloredinputs was solved using second-order
statistics.

In this paper we consider the problem of identifying the impulse response of a FIR MIMO system
basedon the systemoutput. The systeminputs are stationary or cyclostationary, non-white with known
correlations. There are seweral practical casesof MIMO problems where the statistics of the inputs are
known, such asCDMA systems[11], [17], [19], or spatial division multiple acces§YSDMA) systems.In the
latter case,the information bearing signalsare "Ttered through correlative Tters as meansof introducing
redundancy for the purposeof better signal recovery at the receiver [18]. We proposea novel criterion that
involves correlations of discrete Fourier transforms (DFT) of the system output, minimization of which
yields the system impulse responsewithin a scalar ambiguity. Minimization of the proposedcriterion is
performed with respect to ead systemimpulse responsesample. This approac works for any number of

outputs, M, aslong as M P, in contrast to [18] where the number of outputs must be greater than

the number of inputs. Due to the way the channel length enters the estimation process,the proposed
approad is not very sensitive to length mismatch.

The paper is organized as follows. Section Il provides the frequency domain problem formulation and
establishessystemidenti abilit y. An algorithm for estimating the systemimpulse responseis proposedin
Sectionlll. Someimplemertation issueshave beendiscussedn SectionlV. Simulation resultsin a CDMA
and alsoin a SDMA scenarioare given in Section V. Finally, someconcluding remarks are provided in

Section VI.

Il. Problem Formula tion

Let usconsideran P input M j output linear time invariant FIR MIMO systemwith a (M £ P) impulse
responsematrix h(l) = fh; (I)g, where h; (1) denotesimpulse responsebetweenthe ij th output and the
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jith input. Let e(k) = [ey(Kk) ¢¢¢ep (k)]T be a vector cortaining all P inputs at discrete time k, and
x(k) = [x1(k) ¢¢exy (k)]T be the vector of all M obsenations at the sametime instant. The system

output vector equals:
IN 1

x(k) = h(e(ki I) 1)
1=0

where L denotesthe length of the longestelemen of h(l). The inputs are linear processesi.e.,
Lyi 1
ei(k) = a(Dsi(ki 1);i=1:5P 2
=0
where s; (k) is a white process,ci(k); k= 0;:;;L¢j 1isthe corresponding input color, and L represens
the maximum color length in casethe colors have di®erert lengths.

For the quartities shawvn in the above two equationswe will make the following assumptions.

(A1) The inputs fs; (k)g are unknown, temporally white, pairwise uncorrelated, and for simplicity, we
will assumethat they have equal variances. Two di®ereri caseswill be considered,i.e., fs; (k)g will be
assumedo be an up-sampledversionof a stationary signal, or stationary; (A2) The input colorsare known
and pairwise non-idertical; (A3) The mixing channelsh; (k) are in general complex; (A4) Let H (k) be
aM £ P matrix whoseij -th elemen is the N-point DFT of the unknown Tter h; (1), I = O;:Lj 1
evaluated at frequency! = %‘k, where k takesvaluesin [0;::;;N j 1]. We will assumethat H (k) is full
column rank for all k's.

Assumptions (A1) and (A3) are quite general. The inherent sourcescaling ambiguity in the problem
allows us to assumethat the inputs have equal variances. Assumptions (A2) and (A4) are neededto
guarartee identi abilit y as it will becomeevidert later. Assumption (A4) implies that the number of
outputs must be greater or equal than the number of inputs. Note that this condition is lessrestrictive
that those of time-domain methods which do not allow M to be equalto P.

Our goal is to estimate the system matrix, and use the estimate to subsequetly recover the inputs
si(k);i = 1;:::;;P. For the N-point DFT (N >> L), X(k), k = 1;¢¢¢; N of the MIMO system output
x(n), n = 0;¢¢¢; N j 1givenby (1) it holds:

X (k) ¥ H (K)E (k) )

where E(k) is the N -point DFT of the corresponding segmen of e(n).
For the covariance of the stochastic processX (k) it holds:

Re(k;k+ ® = EfX(K)X"(k+ ®)g
Ys H(K)Re(k;k + @HM (k+ ®) 4)
where
Re(k;k + ®) = YdiadC (k)CH (k + ®)] (5)

where C (k) is the N-pt DFT of ¢(n) = [c1(n); c(n); ¢¢¢; cp (N)]7; n = 0;::;;N | 1; ® is someinteger in
[0;N  1]; “is a constart; superscript " denotesthe Hermitian transposeand diag[A ] denotesa diagonal
matrix containing the diagonal entries of A .
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Fig. 1. The input g (k) of the MIMO CDMA equivalent, as a function of the user code, ¢j (k), and the information bearing
sequence, sj (k).

For an appropriate selectionof ®, the approximation in (4) becomesequality in the caseof cyclostation-
ary e(k). In the latter category belongthe e(k)'s that are formed by upsampling of a stationary sequence
with period L.. Sucd signalsappear in the context of antenna-array CDMA systems. An antenna-array
CDMA systemcan be formulated asa MIMO system,wherethe outputs are the received signalssampled
at the chip-rate, the inputs are oversampledversionsof the modulated information-b earing signals, eath
one colored by the corresponding user spreading code (seeFig. 1), and the system responserepreserts
multipath betweenead input and output pair.

It is showvn in Appendix A that, for suc inputs, if N = QL. (Q: someinteger), and ® an integer
multiple of Q, the covariance matrix of the complex stochastic N-pt DFT processX (k) satis es (4) for
%= Q with an equality. Moreover, following similar stepsasin Appendix A, it canbe shavn that quartit y
Re(ky; ko) that appearsin (4) correspondsto the covariance of the Nj pt DFT of e(n);n= 0;::;;N j 1.

[11. Pr oposed Appr oach for System Estima tion

Let us considerthe equation:
Ry(k;k + ® = H(k)Re(k;k + ®)H (k + ®)" (6)

evaluated at two di®erent valuesof ®, i.e., ® = 0 and some® 6 0. In [6] it was showvn that, in the
caseof unknown R¢(k; k + ®), the resulting two equations sutce for the recovery of matrix H (k) within
an unknown multiplicativ e frequency dependert diagonal matrix and an unknown frequency dependert
permutation matrix. The diagonal matrix ambiguity by itself implies that the inputs are recoverable up
to a Ttering ambiguity. However, the frequency dependert permutation ambiguity is more sewere and
prevents the recovery of inputs.

Sincein our caseR¢(k; k + ®) can be expressedn terms of the input colors (see(5)) which are assumed
known, both ambiguities can be resolwed.

Prop osition 1: Under the assumptions(Al)-(A4), the channel matrix H (k) can be reconstructed up
to a complex diagonal matrix based on Ry (k; k) and Rx(k;k + ®), ®6 0.
Pro of: The Proof is givenin Appendix B.

In fact, the equation resulting from (6) corresponding to two di®erert ® values, admits closed form
solution. Following the idea of [13] and [1], one can solve the equations corresponding to ® = 0 and some
®6 0 with respectto H (k). Equating the right-hand sidesof these equations leadsto:

X 2v
N

l .
hf' (n)e*
n=0

"di(K)Rx(k;K) i €®di(k;®)Ry(k;k+ ®)F Y= 0; i= 1P @)
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where H;(k) denotesthe ij th column of matrix H (k); hi(n) is the inverse DFT of H;(k); di(k) and
di (k; ®) denotethe (i; i)-th elemen of the diagonal matrix Re(k; k) and Re(k;k + ®), respectively.
Evaluating (7) for di®erert k%, one can set up a system of equations with the unknown elemeris of
hi(n), n=0;::;;L§ 1,i.e.,
Fihi=0 (8)
whereh; = [h;(0)T;h;(1)7;¢¢¢; h; (L i 1)T]" and the matrix F; consistsof block of rows, with the p-th
block given as:

PN [di (PR (i)' i A (M @R (pip+ ®) Y, p= 0N 1 ©)
Thus, the unknown vector h; can be found by solving the following optimization problem:

A = min kFih; k? (10)
khik=1

where F; is an estimate of F;. The solution of the above minimization problem is the eigervector of the
matrix FHF; ass@iated with its smallest eigervalue.

It isimportant to note that the above described closedform solution is unique (up to scalingambiguity)
if and only if the null spaceof matrix F; hasdimension1. This is not the caseif there is a channel order
mismatch. In particular, let L; be the greatestinteger such that h;(L;) 6 0. In order for the null space
of F; to have dimension 1 the parameter L in (7) must be selectedsothat L j Lo< L;j- L.

The above closedform solution is very sensitive to estimation errors. As a more robust approad, that
will improve upon the closedform solution, we proposethe following.

Let us de ne the error:

s X Xt
i = ki (k;®) kE (11)
®2£ k=0
with
i (G® 2 R,(kk+® H(KRe(kk+ ®H(k+ @ (12)
M l% 1 s 2V . .
= Ry(kik+ ®) h(m)Re(k;k + ®)h(n)" el I wImi Mkinel (13)
m=0 n=0

wherejj:jjr denotesthe Frobenius norm, ® is an integerin [1;¢¢¢; N | 1] and £ is the set of all possible
®% that can be used. In the caseof cyclostationary inputs £ can cortain any of all valuesj (N=L),
j 2 f0;1;:5Lei 1g. The more valuesit contains the better the estimation will be, at the expenseof
course of computational complexity. On the other hand, for stationary inputs the spectral correlations
Ry (k; k + ®) drop very fast with ®. As weak spectral correlations will result in bad estimates, one should
set£ to cortain small numbersfor frequency o®sets,.e., (®= 0;1;2).

We should note that not all N frequenciesare neededin (11) for successfuthannel reconstruction. The
reconstruction can be basedon asfew as 2L DFT samplesfor complex channels. Using more frequencies
improves estimation but also increasescomplexity.

Using the basicsof derivativeswith respect to vectors (see[9]), we get:

@

X i 2V .5 2V
@@ 2 fi(k®HKRE(kKk+ @ T E D 4 (k@ H (KRI(k k+ ®)e | vk ® g (14)

®2£
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Basedon the obtained derivativesa gradient-based algorithm can be employed for the minimization of
(11). In our experimerts the steepest-desceh method was used,i.e.,

() = )i i (15)

B

@ik

where [(i)¥ denotesthe updated estimate of h(i) at k-th iteration and ! is the step size.
Noise has not beenconsideredin our problem formulation. If (1) included an additiv e stationary, zero-

mean noise that was independert of e(k), then R4 (k; k + ®) would also contain an additive componernt

corresponding to the frequency domain correlation of the noise. The spectral correlations of stationary

sequenceslie out very fast with the frequencyo®set®. Thus, in the the cyclostationary input case,using

large frequencyo®setsn £ (see(11)) will render the noisespectral correlation almost zero (assumingthat

noiseis stationary). In the stationary input case,howewer, the spectral correlations of interest also drop

with ®, thus, there is no simple way to combat noise.

IV. Implement ation Issues

Initialization : As in all nonlinear optimization problems, corvergencedependson initialization. A good
initialization can minimize the problem of local minima. The closedform solution of (10) can be usedfor
initialization.

Step size The step sizeis initially setto somevalue (in our simulations it wassetto 1 = 10 7) and
then updated using the following procedure. Let a(k + 1) represerts the relative di®erencebetweentwo
consecutiwe updates, i.e.:

kh—k+1 . h—k k2
W; A* = O)¢ WO 6e¢ (L 1)4] (16)

o(k+ 1) =
As long asa(k) < a(k + 1) the step sizeis halved, otherwiseit stays the same.
Usually, it takesonly a few iterations before step size stabilizesto a xed value.
Estimation of R4 (k;k) and Ry (k;k + ®): Let T bethe total data length. The data are segmeited into
U segmeitts of length N ead. Let x(“)(I) denotethe u-th such segmen, i.e., x(") (1) = x((uj 1)D+1); | =
0;::;N j 1). The DFT of x()(I) is:

"(i ! s 2Ya
X W (k) = wT ()x@ (e I 7K 17
1=0
where w(l) = [wi(l); 5wy (D]7, and w;i (1) denotesa data window, e.g., Hamming (the windowing is
performed over the | index). The useof data window is important asit improvesthe approximation.
The estimatesof Ry (k;k + ®); a2 £ are obtained as:

X
Re(kik+ ®)= 5 XOXO(k+ ) 18)
u=1

For the caseof cyclostationary inputs, asU ! 1 ; R, (k;k+®) ! EfX (k)X" (k+®gandalsoR(k;k) !
EfX(k)X" (k)g. Thus, in the caseof inputs being cyclostationary, the error j will becomezero at the
correct solution within somediagonal scalar ambiguity.
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On the other hand, in the caseof stationary inputs, i will not becomezero at the correct solution.
As will be demonstratedin the simulation part, the approximation given by (4) is sucient for obtaining
good algorithm performance.

V. Simulation Results

To demonstrate the feasibility of the proposedapproad, we preseri simulation results for the CDMA
and SDMA scenarios.The metric usedhereto quantify systemestimation errors is the overall normalized
mean-squareerror (ONMSE), which is obtained as follows. The system estimation is repeated for K
independert input realizations. The normalized mean-squareerror, NM SEj of cross-tiannel hj e
[hj (0); ¢¢¢; hy (L i 1)] is de ned as:

P K P Lil

N . .
NMSE; = Kl 1=0 k=0 lﬁij (k)i hy (k)j?

PTT : 19)
ko iy (K)j2
where ﬁi(j') denotesthe estimate of the ij cross-hannel for the Ith Monte Carlo run.
The ON M SE is obtained by averaging over all cross-hannels:
P P
ONM SE = 1 - NMSE; 20
- MP (20)

To accourt for the scalarambiguity, both the true channelsand the estimated channelsare normalized
sothat hy;(0) = 1and fi; (0) = 1, = 1;¢e¢;P.

A. CDMA scenario

We rst consideran 5 elemen antenna-array CDMA system, resulting in a 5£ 5 MIMO system. The
inputs are 4-level QAM inputs, and ead channel is generatedas a complex Gaussianrandom processof
length L and unit variance.

The channel length was selectedto be L = 5 (5 chip intervals long). The user codes were taken to
be random sequenceof length L, = 16. The DFT sizewas N = 128 but only F = 32 equally spaced
frequencieswere usedfor the optimization in order to reducethe complexity.

The experiment was repeated for 20 di®erent channels, and for ead channel, 50 Monte Carlo runs,
corresponding to independert input and noise realizations were performed. Thus, the ONMSE results
preseried here are averagesover the 20 di®erert channel realizations.

The iteration of (15) wasinitialized with the closedform solution of (8). The ONMSE at SNR = 10dB
1 as a function of number of gradiert descenm iterations, is shovn in Figure 2. The minimization is
performed over £, = f0;8;16;24g and £, = f0;8g, for two di®erert data lengths, e.g., T; = 2048 data
samples (dashed lines) and T, = 4096 data samples(solid lines). To illustrate the robustnessof the
proposedsdiemeto the large signal constellations, we also presened the result that correspondsto the
64-level QAM inputs for £, and T, (the dotted line). Basedon this "gure, one can clearly seehow poor
the closedform solution is (‘rst iteration), and how signi cantly it is improved by the proposediteration.
It is alsoevidert that the more frequency o®setsare usedin £, the better the performanceis.

2
1SNR 2 10Iog%22g where x (k) is the system output vector dened in (1) and w (k) is the noise vector added to
X (k)

December 13, 2002 DRAFT



To illustrate the e®ectivenessof the obtained channel estimatesin recovering the user signals, we used
the obtained estimatesin a blind joint suppressionof both MAI and ISI schemeas follows. Let us denote
with s the combined data symbol vector: s = [s];s];¢6¢;sL] where's; = [s ;s ; ¢a¢;s°)]T is the
symbol vector that correspondsto the i-th user,and let x; = [x;(n);x;(nj 1);::5xi(nj D)7, i = 1;¢¢¢; P
be the data vector at the i-th receiwer. It holds:

xi= AWs+n;; i=1;¢¢M (21)

where n; is the noise vector at the i-th receiver and A () = fAfjj)g isthe (DL.+ L j 1) £ (PD) matrix

de ned as:

8
<
i ir (1); s=1,¢¢¢;D; t=1;¢0¢ L.+ L 1, r=1,:5P
A(LIZ(si D+ t;s+D(rj 1) = * ( ) ’ l (22)
' : 0; elsewhere
with
in 1
gj (t) = hy (ti m)g (m) (23)
m=0
Assuming R, = EfninH g= %1, a zero-forcing block linear equalizeris given as:
[ , . .
Szr = o IO ETNOLNS (24)

i=1

In the absenceof noiseit is easyto verify that s;¢ = s. This equalizerexploits the spatial diversity at
the receiver in order to improve signal-to-noise characteristics of the received signal.

For a5£ 5 systemwith 4; QAM inputs and L = 5, the bit-error rate (BER) of the recoveredsignal is
shown in Fig. 3 asa function of SN R. The results again represen the averagesobtained over 20 di®eren
channel realizations, and for two di®eren data lengths (T, = 2048and T, = 4096). We also investigated
the algorithm performancein the caseof channel order mismatch. We considereda 2 £ 2 system with
4; QAM inputs, L. = 8 and true channellengthsL = 4. Figure 4 shavs the ONMSE versusthe number
of iterations for assumedchannel lengths of L, = 4 and L, = 12. This example was selectedbecausefor
the caseof L, = 12 the closedform solution fails. In this set of simulations ead time-domain channel
was initialized asa unit impulse certered at the origin of the time axis. The results shown in Fig. 4 are
averagesover 10 di®eren channel realizations, and the minimization was performedfor £ 2 f0; 16; 32g.

B. SDMA scenario

The main idea of SDMA s to allow reuseof bandwidth by multiplexing multiple usersin the sametime
slot. It separatesthe di®eren usersbasedon their unique channel transfer function as obsened through
an antenna array. The transmitter assignsdistinct spectral patterns to the information bearing signals.
At the transmitter, an antenna array is used,and the output of ead antenna elemer is sampledat symbol
rate. The MIMO system equivalent of this casehas stationary inputs, thus, the proposedapproac will
yield an approximate solution.

The XMB algorithm [18] provides an elegan closedform solution to the resulting MIMO problem by
matching theoretical and obsened time-domain second-orderstatistics of the obsenations. We next show
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that when the proposedapproad is combined with the XMB algorithm results in improved channel esti-
mates. We considera systemwith P = 3 usersthat employ binary phaseshift keyed (BPSK) modulation.

The input colors are taken to be of length L, = 3. At rst, an antenna array of M = 6 elemens was
assumed,and the signal-to-noiseratio was setto SNR = 10dB. We usedtwo spectral correlations for

the minimization of j with £ = f0;2g. This time the iteration of (15) was initialized with the closed
form solution provided by the XBM algorithm and executed100times. Figure 5 shaws the performances
of both algorithms as function of data length T for L = 4 and SNR = 10dB. The solid lines represen

averagescorresponding to 100 di®erent channel realization.

We next demonstratethe performanceof the proposedapproac whenthe number of antennas changes.
We considereda system with P = 3 users, channel lengths L = 4, and varied the number of receive
antennae betweenM i, = 3 and Mpnax = 6. It isimportant to note that XBM algorithm cannot handle
the situation when M = P. In addition, as number of receiwe antennae decreasesthe complexity of the
XBM algorithm increases. For example, in the caseof 4 receive antennae the complexity of the XBM
algorithm is higher than that of the proposedapproach executedfor 250 iterations. Becauseof the above
mentioned reasons,in this set of simulations instead using the XBM solution ead time-domain channel
was initialized as a unit impulse certered at the origin of the time axis. The ONMSE versusthe data
length is presenied in Figure 6 (averagesover 10 di®eren channel realizations eat tested over 50 Monte
Carlo runs). As expected, the performanceimprovesasthe number of receive antenna elemerts increases.

Finally, we illustrate the robustnessof the proposedalgorithm to channel order mismatch. We again
considera systemwith P = 3 usersand M = 6 receiwe antennae with SN R = 10dB. The true channel
length wastakento be L = 3, while during the optimization part the length was varied betweenL, = 3
and L, = 5. All results were obtained basedon the 50 Monte Carlo runs, additionally averagedover 10
di®erert channel realizations, and shown in Figure 7. Again, ead time-domain channel was initialized as
a unit impulse certered at the origin and the maximum number of iterations was setto be 250. As it can
be seen,although there is somedegradation in the caseof length mismatch, the obtained result is still
good. This is in contrast to time domain-methods that tend to fail in caseof length mismatch.

VI. Conclusions

In this paper we considereda problem of blind identi cation of a MIMO FIR systemdriven by colored
inputs with known statistics. We proposeda new, nonlinear optimization basedmethod that involvesthe
power spectra and cross-sgctra of the systemoutput. The proposedalgorithm was tested for the caseof
cyclostationary inputs (CDMA scenario)and stationary inputs (SDMA scenario), was shavn to perform
well as comparedto existing methods and it was not very sensitive to channel length mismatch.

Appendix A
The covariancev;(k;1) of g (seeFig. 1) is periodic, i.e.,

1
/23/$q(k mod L¢)c’(I mod L) if bk=L.c= bl=L.C

otherwise

vi(k;1) = Efe(k)el(1)g = (25)

Vi(kil) = vi(k+ Le; 1+ Le) ¢
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We can write:

Ry(k:k+® = EfXKX"(k+ ®g
i 1 i 1
= Ef x(nq)el | 7k x" (np)d W (k+®nz2g
ni=0 n,=0
i1t 2% 2
= h(ly)el ] WM Efe(ny i l1)e" (n2i l2)gh™ (Ip)e vk @nz
N1=0 I1=0 n»=0 1,=0

g LN i 1 LN i 1

= h(l)el | K Efe(¢)el | kel (¢)d 7k ®eghH (1,)d Tk Oz (26)

11=0 ¢é1=i l1 12=0 é2=i I2
According to (25), assuming¥# = 1,i = 1;¢¢¢; P, we have:

Y2 H . Hy(. H - — . —
Efe(c)e” (¢2)g = diag[c(¢a mod Lg)c™ (¢2 mod L) if b(,l—ll_cc— béo=LcC
otherwise

(27)

Also note that for ,_N— = Q ( Q: integer) we havethat c(¢ modL.) = c(¢j N modL.). Thus,it follows:

X1 . i 1 2
c(e)e | Wke = o(¢i N)e I ike

¢sih ¢=Nil
Focusing on the summations with respectto ¢;1; ¢2 in (26), and using (28) we get:

Efe(é)e ) ke gH (é2)@ i (k+ ®)<;zg -

a=ili ¢2=il2

Xi I L , o
= diag[c(¢z mod L¢)el I WkacH (5, mod Lo)é ¥ (K @b =Loci bia=Lc0)
¢1=0 ¢2=0
Setting ¢; = piLc+ ti; p=0:5Q4 1 =050 1; 1= 1;2,(29) becomes:
Nixi1i INiy2i 1 . .
Efe(g,l)e‘ i N—“kaeH ((2)8' N (k+ ®)<',29 -
a=ilt ¢2=il2
& llyi 1lyi 1
- diag[c(t)c" (t2)]€ JRA(K)(pLe*ta) g & (k+ @)(pLc+ t2)
=0 t;=0 t,=0
= & ¥®Llcgiag[C(k)CH (k + ®)]
p=0

= Qx®; rQ)diag[C(K)C" (k+ ®)] (r :any integer)

Substituting (30) into (26), and taking ® to be an integer multiple of Q, we nally obtain:

151 . .
h(l,)e | 1 Qdiag[C (K)CH (k + ®)]hH (I,)e 7 (k+ @)z
1;=0 1,=0

QH (k)diag[C (k)C" (k + ®HM (k + ®)

Rx(kik + ®)
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Appendix B
Assumethat two system matrices H (k) and A (k) satisfy (6) for ® = 0 and some® 6 0. According to
[6], in caseof unknown R¢(k; k) and Re(k; k + ®), they are related as follows:

A (k) = H(K)¢ (kP (k) (32)

where¢ (k) is the unknown diagonal matrix with unit modulus elemers, and P (k) is the unknown column
permutation matrix.
If such solution were allowable then accordingto (6) for ® = 0 we would get:

H (k)¢ (k)P (K)Re(k; k)P (k)" ¢ (k)™ H (k)™ = H(k)Re(k; K)H (k)" (33)
H(K)[¢ (KP(K)Re(k; )P (K)™" ¢ (k)™ i Re(k;K)IH (k)™ = 0 (34)

Let:
F(K) £ ¢ (PR KP KM E (K" i Re(kik) (35)

Since the channel matrix H (k) has full column rank, (34) implies that F(k)H (k)" = 0, which again
implies that F(k) = 0. Thus it holds:

¢ (P (KRe(k;K)P(K)" ¢ (K)" = Re(k;k) (36)

Sincematrix P (k)Re(k; k)P (k)" is diagonal, and due to the unit modulus elemerts of ¢ (k) it follows
that:
¢ (k)P (K)Re(k; K)P(K)" ¢ ()™ = P(K)Re(k;K)P (k)" = Re(k;k) (37)

Noting that P (k)Re(k; k)P (k)" is matrix Re(k;k) with permuted diagonal elements, we conclude that
under assumption (A2), (37) can hold if and only if P(k) ~ 1. Therefore, color permutation ambiguity
doesnot exist.

Let us now considerthe solution of the form K (k) = H (k)¢ (k). According to (6) we have:

H(k)¢ (KRe(k:k+ ®)¢ (k+ ®"H(k+ ® = H(k)Re(k;k + ®)H (k + ®)" (38)

HK)E (KRe(k;k+ ®)¢ (k+ ®)" | Re(k;k+ ®)JH(k+ ®" = 0 (39)

Sincethis must hold for all frequenciesit follows that:
¢ (KRe(k;k+ ®)¢ (k+ ®OF = Re(k:k + ®) (40)

¢ (k)¢ (k+ M = | (41)

The phaseambiguity matrix ¢ (k) is of the form:
¢ (k) = diagf &), g re(): ¢gg; e (K g (42)
Therefore, accordingto (41) we have:

(k)= p(k+®  i=10¢P (43)

December 13, 2002 DRAFT
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for all N discrete frequencies.

It is obvious that the last expressioncan hold only if y; (k) is independert of k, i.e., ¢ (k) = ¢ , where

¢ is complex diagonal matrix.
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Fig. 2. ONM SE versus the number of iterations for
SNR = 10dB and two di®erent data lengths: T, = 2048
(dashed lines) and T2 = 4096 (solid lines). The dotted
line corresponds to the 64-QAM inputs and T».

J=2048

T=4096

Fig. 3. BER corresponding to 4-level QAM inputs for two

di®erent data lengths used for system identi cation.

o number of iterations o = .
Fig. 4. ONMSE versusthe number of iterations for SNR =
10dB.
length (La = 4) and for the mismatch (La = 12).

The result was obtained for the true channel
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Fig. 5. ONMSE versus the data length for SNR = 10dB.
The dashed line corresponds to the XBM algorithm,
while the solid line corresponds to the proposed algo-

rithm initialized with the XBM solution.
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Fig. 6. ONMSE for di®erent number of receive antennae

and SNR = 10dB.
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Fig. 7. ONMSE versus the data length for SNR = 10dB.
The result was obtained for the true channel length
(La = 3), and also for length mismatch by 1 and 2 sam-

ples.
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