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I. Intr oduction

We consider the problem of identifying a P-input M -output linear time-invariant Finite Impulse Re-

sponse(FIR) system, P > 1, basedon the system output. This problem is referred to as blind system

identi¯cation and appears in many contexts, such as speech restoration in the presenceof competing

speakers, bioengineering,and multi-user multi-accesscommunications.

Identi¯cation in the caseof spatially independent and temporally white inputs has been approached

mainly using higher-order statistics of the system output [3], [10], [14], [4]. Identi¯cation for inputs that

are stationary non-white but can be modeledas linear processeshas beenapproached using either second

([8], [15], [6]) or higher-order statistics ([12],[20]). In those cases,if the input statistics are unknown the

inputs can be decoupledbut there is a remaining shaping ¯lter ambiguit y in each input. Under certain

conditions the shaping ¯lter ambiguit y can be removed [12], [6], [2].

The identi¯cation problem can be simpli¯ed if some information about the input is available, or if

the inputs can be manipulated. Assuming that the input signals have the same known period, and

under certain channel conditions, a method for separation of ¯nite alphabet signals has been proposed

in [16]. In [5], by inducing cyclostationarity in the input signals a closed form solution was obtained

basedon exclusively second-orderstatistics. Second-ordercyclostationary statistics has also beenusedin

[1] for blind MIMO identi¯cation in OFDM-based multian tenna systems. In [7] a special structure was

imposedon each input and the resulting MIMO problem with coloredinputs wassolvedusing second-order

statistics.

In this paper we consider the problem of identifying the impulse response of a FIR MIMO system

basedon the system output. The system inputs are stationary or cyclostationary, non-white with known

correlations. There are several practical casesof MIMO problems where the statistics of the inputs are

known, such asCDMA systems[11], [17], [19], or spatial division multiple access(SDMA) systems. In the

latter case,the information bearing signalsare ¯ltered through correlative ¯lters as meansof intro ducing

redundancy for the purposeof better signal recovery at the receiver [18]. We proposea novel criterion that

involves correlations of discrete Fourier transforms (DFT) of the system output, minimization of which

yields the system impulse responsewithin a scalar ambiguit y. Minimization of the proposedcriterion is

performed with respect to each systemimpulse responsesample. This approach works for any number of

outputs, M , as long as M ¸ P, in contrast to [18] where the number of outputs must be greater than

the number of inputs. Due to the way the channel length enters the estimation process,the proposed

approach is not very sensitive to length mismatch.

The paper is organizedas follows. Section I I provides the frequency domain problem formulation and

establishessystemidenti¯abilit y. An algorithm for estimating the systemimpulse responseis proposedin

SectionI I I. Someimplementation issueshave beendiscussedin SectionIV. Simulation results in a CDMA

and also in a SDMA scenarioare given in Section V. Finally, someconcluding remarks are provided in

Section VI.

I I. Pr oblem Formula tion

Let us consideran P¡ input M ¡ output linear time invariant FIR MIMO systemwith a (M £ P) impulse

responsematrix h(l) = f hij (l )g, where hij (l ) denotesimpulse responsebetweenthe i ¡ th output and the
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j ¡ th input. Let e(k) = [e1(k) ¢¢¢eP (k)]T be a vector containing all P inputs at discrete time k, and

x(k) = [x1(k) ¢¢¢xM (k)]T be the vector of all M observations at the same time instant. The system

output vector equals:

x(k) =
L ¡ 1X

l =0

h(l)e(k ¡ l ) (1)

where L denotesthe length of the longest element of h(l). The inputs are linear processes,i.e.,

ei (k) =
L c ¡ 1X

l =0

ci (l )si (k ¡ l ); i = 1; :::; P (2)

where si (k) is a white process,ci (k); k = 0; ::; L c ¡ 1 is the corresponding input color, and L c represents

the maximum color length in casethe colors have di®erent lengths.

For the quantities shown in the above two equationswe will make the following assumptions.

(A1) The inputs f sj (k)g are unknown, temporally white, pairwise uncorrelated, and for simplicit y, we

will assumethat they have equal variances. Two di®erent caseswill be considered,i.e., f sj (k)g will be

assumedto bean up-sampledversionof a stationary signal, or stationary; (A2) The input colorsareknown

and pairwise non-identical; (A3) The mixing channels hij (k) are in general complex; (A4) Let H (k) be

a M £ P matrix whose ij -th element is the N -point DFT of the unknown ¯lter h ij (l ), l = 0; :::; L ¡ 1

evaluated at frequency ! = 2¼
N k, where k takesvalues in [0; :::; N ¡ 1]. We will assumethat H (k) is full

column rank for all k's.

Assumptions (A1) and (A3) are quite general. The inherent sourcescaling ambiguit y in the problem

allows us to assumethat the inputs have equal variances. Assumptions (A2) and (A4) are neededto

guarantee identi¯abilit y as it will becomeevident later. Assumption (A4) implies that the number of

outputs must be greater or equal than the number of inputs. Note that this condition is lessrestrictiv e

that those of time-domain methods which do not allow M to be equal to P.

Our goal is to estimate the system matrix, and use the estimate to subsequently recover the inputs

si (k); i = 1; :::; P . For the N -point DFT (N >> L), X (k), k = 1; ¢¢¢; N of the MIMO system output

x(n), n = 0; ¢¢¢; N ¡ 1 given by (1) it holds:

X (k) ¼ H (k)E(k) (3)

where E(k) is the N -point DFT of the corresponding segment of e(n).

For the covariance of the stochastic processX (k) it holds:

R x (k; k + ®) = Ef X (k)X H (k + ®)g

¼ H (k)R e(k; k + ®)H H (k + ®) (4)

where

R e(k; k + ®) = ½diag[C(k)CH (k + ®)] (5)

where C(k) is the N -pt DFT of c(n) = [c1(n); c2(n); ¢¢¢; cP (n)]T ; n = 0; :::; N ¡ 1; ® is someinteger in

[0; N ¡ 1]; ½is a constant; superscript H denotesthe Hermitian transposeand diag[A ] denotesa diagonal

matrix containing the diagonal entries of A .
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Fig. 1. The input ej (k) of the MIMO CDMA equivalent, as a function of the user code, cj (k), and the information bearing

sequence,sj (k).

For an appropriate selectionof ®, the approximation in (4) becomesequality in the caseof cyclostation-

ary e(k). In the latter category belong the e(k)'s that are formed by upsampling of a stationary sequence

with period L c. Such signalsappear in the context of antenna-array CDMA systems. An antenna-array

CDMA systemcan be formulated asa MIMO system,where the outputs are the received signalssampled

at the chip-rate, the inputs are oversampledversionsof the modulated information-b earing signals,each

one colored by the corresponding user spreading code (seeFig. 1), and the system responserepresents

multipath betweeneach input and output pair.

It is shown in Appendix A that, for such inputs, if N = QL c (Q: some integer), and ® an integer

multiple of Q, the covariance matrix of the complex stochastic N -pt DFT processX (k) satis¯es (4) for

½= Q with an equality. Moreover, following similar stepsasin Appendix A, it can be shown that quantit y

R e(k1; k2) that appears in (4) corresponds to the covariance of the N ¡ pt DFT of e(n); n = 0; :::; N ¡ 1.

I I I. Pr oposed Appr oach f or System Estima tion

Let us consider the equation:

R x (k; k + ®) = H (k)R e(k; k + ®)H (k + ®)H (6)

evaluated at two di®erent values of ®, i.e., ® = 0 and some ® 6= 0. In [6] it was shown that, in the

caseof unknown R e(k; k + ®), the resulting two equationssu±ce for the recovery of matrix H (k) within

an unknown multiplicativ e frequency dependent diagonal matrix and an unknown frequency dependent

permutation matrix. The diagonal matrix ambiguit y by itself implies that the inputs are recoverable up

to a ¯ltering ambiguit y. However, the frequency dependent permutation ambiguit y is more severe and

prevents the recovery of inputs.

Sincein our caseR e(k; k + ®) can be expressedin terms of the input colors (see(5)) which are assumed

known, both ambiguities can be resolved.

Prop osition 1: Under the assumptions(A1)-(A4), the channel matrix H (k) can be reconstructed up

to a complex diagonal matrix based on R x (k; k) and R x (k; k + ®), ® 6= 0.

Pro of: The Proof is given in Appendix B.

In fact, the equation resulting from (6) corresponding to two di®erent ® values, admits closed form

solution. Following the idea of [13] and [1], one can solve the equationscorresponding to ® = 0 and some

® 6= 0 with respect to H (k). Equating the right-hand sidesof theseequations leadsto:

L ¡ 1X

n =0

hH
i (n)ej k 2¼

N n [di (k)R x (k; k)¡ 1 ¡ ej ®n di (k; ®)R x (k; k + ®)¡ 1] = 0; i = 1; :::; P (7)
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where H i (k) denotes the i ¡ th column of matrix H (k); h i (n) is the inverse DFT of H i (k); di (k) and

di (k; ®) denote the (i; i )-th element of the diagonal matrix R e(k; k) and R e(k; k + ®), respectively.

Evaluating (7) for di®erent k0s, one can set up a system of equations with the unknown elements of

h i (n), n = 0; :::; L ¡ 1, i.e.,

F i h i = 0 (8)

where h i = [h i (0)T ; h i (1)T ; ¢¢¢; h i (L ¡ 1)T ]T and the matrix F i consistsof block of rows, with the p-th

block given as:

ej p 2¼
N n [di (p)R x (p;p)¡ 1 ¡ ej ®n di (p; ®)R x (p;p + ®)¡ 1]; p = 0; :::; N ¡ 1 (9)

Thus, the unknown vector h i can be found by solving the following optimization problem:

ĥ i = min
kh i k=1

k F̂ i h i k2 (10)

where F̂ i is an estimate of F i . The solution of the above minimization problem is the eigenvector of the

matrix F̂H
i F̂ i associated with its smallest eigenvalue.

It is important to note that the above described closedform solution is unique (up to scalingambiguit y)

if and only if the null spaceof matrix F i has dimension 1. This is not the caseif there is a channel order

mismatch. In particular, let L i be the greatest integer such that h i (L i ) 6= 0. In order for the null space

of F i to have dimension 1 the parameter L in (7) must be selectedso that L ¡ L c < L i · L .

The above closedform solution is very sensitive to estimation errors. As a more robust approach, that

will improve upon the closedform solution, we proposethe following.

Let us de¯ne the error:

¡
4
=

X

®2 £

N ¡ 1X

k=0

k ¡ (k; ®) k2
F (11)

with

¡ (k; ®)
4
= R̂ x (k; k + ®) ¡ H (k)R e(k; k + ®)H (k + ®)H (12)

= R̂ x (k; k + ®) ¡
L ¡ 1X

m =0

L ¡ 1X

n =0

h(m)R e(k; k + ®)h(n)H e¡ j 2¼
N [( m ¡ n )k ¡ n® ] (13)

where jj :jjF denotesthe Frobenius norm, ® is an integer in [1; ¢¢¢; N ¡ 1] and £ is the set of all possible

®0s that can be used. In the caseof cyclostationary inputs £ can contain any of all values j (N=Lc),

j 2 f 0; 1; :::; L c ¡ 1g. The more values it contains the better the estimation will be, at the expenseof

courseof computational complexity. On the other hand, for stationary inputs the spectral correlations

R x (k; k + ®) drop very fast with ®. As weak spectral correlations will result in bad estimates,one should

set £ to contain small numbers for frequencyo®sets,i.e., (® = 0; 1; 2).

We should note that not all N frequenciesare neededin (11) for successfulchannel reconstruction. The

reconstruction can be basedon as few as 2L DFT samplesfor complex channels. Using more frequencies

improvesestimation but also increasescomplexity.

Using the basicsof derivativeswith respect to vectors (see[9]), we get:

@¡
@h(i )

= ¡ 2
X

®2 £

f ¡ (k; ®)H (k)R ¤
e(k; k + ®)ej 2¼

N i (k+ ®) + ¡ (k; ®)H H ¤(k)R ¤
e(k; k + ®)e¡ j 2¼

N i (k+ ®) g (14)
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Basedon the obtained derivativesa gradient-based algorithm can be employed for the minimization of

(11). In our experiments the steepest-descent method was used, i.e.,

~h(i )k+1 = ~h(i )k ¡ ¹ k (
@¡

@h(i )k ) (15)

where ~h(i )k denotesthe updated estimate of h(i ) at k-th iteration and ¹ k is the step size.

Noisehas not beenconsideredin our problem formulation. If (1) included an additiv e stationary, zero-

mean noise that was independent of e(k), then R x (k; k + ®) would also contain an additiv e component

corresponding to the frequency domain correlation of the noise. The spectral correlations of stationary

sequencesdie out very fast with the frequencyo®set®. Thus, in the the cyclostationary input case,using

large frequencyo®setsin £ (see(11)) will render the noisespectral correlation almost zero(assumingthat

noise is stationary). In the stationary input case,however, the spectral correlations of interest also drop

with ®, thus, there is no simple way to combat noise.

IV. Implement ation Issues

Initialization : As in all nonlinear optimization problems,convergencedependson initialization. A good

initialization can minimize the problem of local minima. The closedform solution of (10) can be usedfor

initialization.

Step size: The step size is initially set to somevalue (in our simulations it was set to ¹ 0 = 10¡ 7) and

then updated using the following procedure. Let ¤( k + 1) represents the relative di®erencebetween two

consecutive updates, i.e.:

¤( k + 1) =
k ~hk+1 ¡ ~hk k2

F

k ~hk k2
F

; ~hk = [~h(0)k ~h(1)k ¢¢¢ ~h(L ¡ 1)k ] (16)

As long as ¤( k) < ¤( k + 1) the step size is halved, otherwise it stays the same.

Usually, it takesonly a few iterations beforestep sizestabilizes to a ¯xed value.

Estimation of R x (k; k) and R x (k; k + ®): Let T be the total data length. The data are segmented into

U segments of length N each. Let x (u ) (l ) denotethe u-th such segment, i.e., x (u ) (l ) = x((u ¡ 1)D + l); l =

0; :::; N ¡ 1). The DFT of x (u ) (l ) is:

X (u ) (k) =
N ¡ 1X

l =0

w T (l )x (u ) (l )e¡ j 2¼
N k l (17)

where w(l) = [w1(l ); :::; wM (l )]T , and wi (l ) denotes a data window, e.g., Hamming (the windowing is

performed over the l index). The useof data window is important as it improvesthe approximation.

The estimatesof R x (k; k + ®); a 2 £ are obtained as:

R̂ x (k; k + ®) =
1
U

UX

u=1

X (u ) (k)X (u ) (k + ®)H (18)

For the caseof cyclostationary inputs, asU ! 1 ; R̂ x (k; k+ ®) ! E f X (k)X H (k+ ®)g and alsoR̂ x (k; k) !

E f X (k)X H (k)g. Thus, in the caseof inputs being cyclostationary, the error ¡ will becomezero at the

correct solution within somediagonal scalar ambiguit y.
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On the other hand, in the caseof stationary inputs, ¡ will not becomezero at the correct solution.

As will be demonstrated in the simulation part, the approximation given by (4) is su±cient for obtaining

good algorithm performance.

V. Simula tion Resul ts

To demonstrate the feasibility of the proposedapproach, we present simulation results for the CDMA

and SDMA scenarios.The metric usedhere to quantify systemestimation errors is the overall normalized

mean-squareerror (ONMSE), which is obtained as follows. The system estimation is repeated for K

independent input realizations. The normalized mean-squareerror, N M SE ij of cross-channel h ij
4
=

[hij (0); ¢¢¢; hij (L ¡ 1)] is de¯ned as:

N M SE ij =
1
K

P K
l =0

P L ¡ 1
k=0 jĥ( l )

ij (k) ¡ hij (k)j2
P L ¡ 1

k=0 jhij (k)j2
(19)

where ĥ ( l )
ij denotesthe estimate of the ij cross-channel for the lth Monte Carlo run.

The ON M SE is obtained by averaging over all cross-channels:

ON M SE =

P M
i =1

P P
j =1 N M SE ij

M P
(20)

To account for the scalar ambiguit y, both the true channelsand the estimated channelsare normalized

so that h1j (0) = 1 and ĥ1j (0) = 1, j = 1; ¢¢¢; P.

A. CDMA scenario

We ¯rst consideran 5 element antenna-array CDMA system, resulting in a 5 £ 5 MIMO system. The

inputs are 4-level QAM inputs, and each channel is generatedas a complex Gaussianrandom processof

length L and unit variance.

The channel length was selectedto be L = 5 (5 chip intervals long). The user codes were taken to

be random sequencesof length L c = 16. The DFT size was N = 128 but only F = 32 equally spaced

frequencieswere usedfor the optimization in order to reducethe complexity.

The experiment was repeated for 20 di®erent channels, and for each channel, 50 Monte Carlo runs,

corresponding to independent input and noise realizations were performed. Thus, the ONMSE results

presented here are averagesover the 20 di®erent channel realizations.

The iteration of (15) was initialized with the closedform solution of (8). The ONMSE at SN R = 10dB
1 as a function of number of gradient descent iterations, is shown in Figure 2. The minimization is

performed over £ 1 = f 0; 8; 16; 24g and £ 2 = f 0; 8g, for two di®erent data lengths, e.g., T1 = 2048 data

samples (dashed lines) and T2 = 4096 data samples (solid lines). To illustrate the robustnessof the

proposedscheme to the large signal constellations, we also presented the result that corresponds to the

64-level QAM inputs for £ 1 and T2 (the dotted line). Basedon this ¯gure, one can clearly seehow poor

the closedform solution is (¯rst iteration), and how signi¯cantly it is improved by the proposediteration.

It is also evident that the more frequencyo®setsare usedin £, the better the performanceis.

1SN R
4
= 10log E fk x ( k ) k 2 g

E fk w ( k ) k 2 g
where x (k) is the system output vector de¯ned in (1) and w (k) is the noise vector added to

x (k)
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To illustrate the e®ectivenessof the obtained channel estimates in recovering the user signals,we used

the obtained estimatesin a blind joint suppressionof both MAI and ISI schemeas follows. Let us denote

with s the combined data symbol vector: s = [sT
1 ; sT

2 ; ¢¢¢; sT
P ] where si = [s(1)

i ; s(2)
i ; ¢¢¢; s(D )

i ]T is the

symbol vector that correspondsto the i -th user,and let x i = [x i (n); x i (n ¡ 1); :::; x i (n ¡ D)]T , i = 1; ¢¢¢; P

be the data vector at the i -th receiver. It holds:

x i = A ( i ) s + n i ; i = 1; ¢¢¢; M (21)

where n i is the noise vector at the i -th receiver and A ( i ) = f A ( i )
k j g is the (DL c + L ¡ 1) £ (PD) matrix

de¯ned as:

A ( i )
L c (s¡ 1)+ t;s + D (r ¡ 1) =

8
<

:
gir (t); s = 1; ¢¢¢; D ; t = 1; ¢¢¢; L c + L ¡ 1; r = 1; :::; P

0; elsewhere
(22)

with

gij (t) =
L c ¡ 1X

m =0

hij (t ¡ m)cj (m) (23)

Assuming R n i = Ef n i nH
i g = ¾n I , a zero-forcingblock linear equalizer is given as:

sZ F =
1

M

MX

i =1

(A ( i ) H
A ( i ) )¡ 1A ( i ) H

x i (24)

In the absenceof noiseit is easyto verify that sZ F = s. This equalizerexploits the spatial diversity at

the receiver in order to improve signal-to-noisecharacteristics of the received signal.

For a 5£ 5 systemwith 4¡ QAM inputs and L = 5, the bit-error rate (B ER) of the recoveredsignal is

shown in Fig. 3 asa function of SN R. The results again represent the averagesobtained over 20 di®erent

channel realizations, and for two di®erent data lengths (T1 = 2048and T2 = 4096). We also investigated

the algorithm performance in the caseof channel order mismatch. We considereda 2 £ 2 system with

4¡ QAM inputs, L c = 8 and true channel lengths L = 4. Figure 4 shows the ONMSE versusthe number

of iterations for assumedchannel lengths of L a = 4 and L a = 12. This example was selectedbecausefor

the caseof L a = 12 the closedform solution fails. In this set of simulations each time-domain channel

was initialized as a unit impulse centered at the origin of the time axis. The results shown in Fig. 4 are

averagesover 10 di®erent channel realizations, and the minimization was performed for £ 2 f 0; 16; 32g.

B. SDMA scenario

The main idea of SDMA is to allow reuseof bandwidth by multiplexing multiple usersin the sametime

slot. It separatesthe di®erent usersbasedon their unique channel transfer function as observed through

an antenna array. The transmitter assignsdistinct spectral patterns to the information bearing signals.

At the transmitter, an antenna array is used,and the output of each antenna element is sampledat symbol

rate. The MIMO system equivalent of this casehas stationary inputs, thus, the proposedapproach will

yield an approximate solution.

The XMB algorithm [18] provides an elegant closedform solution to the resulting MIMO problem by

matching theoretical and observed time-domain second-orderstatistics of the observations. We next show
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that when the proposedapproach is combined with the XMB algorithm results in improved channel esti-

mates. We considera systemwith P = 3 usersthat employ binary phaseshift keyed (BPSK) modulation.

The input colors are taken to be of length L c = 3. At ¯rst, an antenna array of M = 6 elements was

assumed,and the signal-to-noiseratio was set to SN R = 10dB. We used two spectral correlations for

the minimization of ¡ with £ = f 0; 2g. This time the iteration of (15) was initialized with the closed

form solution provided by the XBM algorithm and executed100 times. Figure 5 shows the performances

of both algorithms as function of data length T for L = 4 and SN R = 10dB. The solid lines represent

averagescorresponding to 100 di®erent channel realization.

We next demonstrate the performanceof the proposedapproach when the number of antennaschanges.

We considereda system with P = 3 users, channel lengths L = 4, and varied the number of receive

antennae betweenM min = 3 and M max = 6. It is important to note that XBM algorithm cannot handle

the situation when M = P. In addition, as number of receive antennae decreases,the complexity of the

XBM algorithm increases. For example, in the caseof 4 receive antennae the complexity of the XBM

algorithm is higher than that of the proposedapproach executedfor 250 iterations. Becauseof the above

mentioned reasons,in this set of simulations instead using the XBM solution each time-domain channel

was initialized as a unit impulse centered at the origin of the time axis. The ONMSE versus the data

length is presented in Figure 6 (averagesover 10 di®erent channel realizations each tested over 50 Monte

Carlo runs). As expected, the performanceimprovesas the number of receive antenna elements increases.

Finally, we illustrate the robustnessof the proposedalgorithm to channel order mismatch. We again

consider a system with P = 3 usersand M = 6 receive antennae with SN R = 10dB. The true channel

length was taken to be L = 3, while during the optimization part the length was varied betweenL a = 3

and L a = 5. All results were obtained basedon the 50 Monte Carlo runs, additionally averagedover 10

di®erent channel realizations, and shown in Figure 7. Again, each time-domain channel was initialized as

a unit impulse centered at the origin and the maximum number of iterations was set to be 250. As it can

be seen,although there is somedegradation in the caseof length mismatch, the obtained result is still

good. This is in contrast to time domain-methods that tend to fail in caseof length mismatch.

VI. Conclusions

In this paper we considereda problem of blind identi¯cation of a MIMO FIR systemdriven by colored

inputs with known statistics. We proposeda new, nonlinear optimization basedmethod that involvesthe

power spectra and cross-spectra of the systemoutput. The proposedalgorithm was tested for the caseof

cyclostationary inputs (CDMA scenario)and stationary inputs (SDMA scenario),was shown to perform

well as comparedto existing methods and it was not very sensitive to channel length mismatch.

Appendix A

The covariance vi (k; l ) of ei (seeFig. 1) is periodic, i.e.,

vi (k; l ) = E f ei (k)e¤
i (l )g =

½
¾2

i ci (k mod L c)c¤
i (l mod L c) if bk=Lcc = bl=Lcc

0 otherwise
(25)

vi (k; l ) = vi (k + L c; l + L c) :
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We can write:

R x (k; k + ®) = Ef X (k)X H (k + ®)g

= Ef
N ¡ 1X

n 1 =0

x(n1)e¡ j 2¼
N kn 1

N ¡ 1X

n 2 =0

xH (n2)ej 2¼
N (k+ ®)n 2 g

=
N ¡ 1X

n 1 =0

L ¡ 1X

l 1 =0

N ¡ 1X

n 2 =0

L ¡ 1X

l 2 =0

h(l1)e¡ j 2¼
N kn 1 Ef e(n1 ¡ l1)eH (n2 ¡ l2)ghH (l2)ej 2¼

N (k+ ®)n 2

=
L ¡ 1X

l 1 =0

N ¡ l 1 ¡ 1X

¿1 = ¡ l 1

L ¡ 1X

l 2 =0

N ¡ l 2 ¡ 1X

¿2 = ¡ l 2

h(l1)e¡ j 2¼
N k l 1 Ef e(¿1)e¡ j 2¼

N k¿1 eH (¿2)ej 2¼
N (k+ ®)¿2 ghH (l2)ej 2¼

N (k+ ®) l 2 (26)

According to (25), assuming¾2
i = 1, i = 1; ¢¢¢; P, we have:

E f e(¿1)eH (¿2)g =
½

diag[c(¿1 mod L c)cH (¿2 mod L c)] if b¿1=Lcc = b¿2=Lcc

0 otherwise
(27)

Also note that for N
L c

= Q ( Q: integer) we have that c(¿ mod L c) = c(¿¡ N mod L c). Thus, it follows:

¡ 1X

¿= ¡ l 1

c(¿)e¡ j 2¼
N k¿ =

N ¡ 1X

¿= N ¡ l 1

c(¿ ¡ N )e¡ j 2¼
N k¿ (28)

Focusing on the summations with respect to ¿1; ¿2 in (26), and using (28) we get:

N ¡ l 1 ¡ 1X

¿1 = ¡ l 1

N ¡ l 2 ¡ 1X

¿2 = ¡ l 2

Ef e(¿1)e¡ j 2¼
N k¿1 eH (¿2)ej 2¼

N (k+ ®)¿2 g =

=
N ¡ lX

¿1 =0

N ¡ 1X

¿2 =0

diag[c(¿1 mod L c)e¡ j 2¼
N k¿1 cH (¿2 mod L c)ej 2¼

N (k+ ®)¿2 ]±(b¿1=Lcc ¡ b¿2=Lcc) (29)

Setting ¿i = pi L c + t i ; pi = 0; :::; Q ¡ 1; t i = 0; :::; L c ¡ 1; i = 1; 2, (29) becomes:

N ¡ l 1 ¡ 1X

¿1 = ¡ l 1

N ¡ l 2 ¡ 1X

¿2 = ¡ l 2

Ef e(¿1)e¡ j 2¼
N k¿1 eH (¿2)ej 2¼

N (k+ ®)¿2 g =

=
Q¡ 1X

p=0

L c ¡ 1X

t 1 =0

L c ¡ 1X

t 2 =0

diag[c(t1)cH (t2)]e¡ j 2¼
N (k )( pL c + t 1 ) ej 2¼

N (k+ ®)( pL c + t 2 )

=
X

p=0

ej 2¼
N ®pL c diag[C(k)CH (k + ®)]

= Q±(®¡ r Q)diag[C(k)CH (k + ®)] (r : any integer) (30)

Substituting (30) into (26), and taking ® to be an integer multiple of Q, we ¯nally obtain:

R x (k; k + ®) =
L ¡ 1X

l 1 =0

L ¡ 1X

l 2 =0

h(l1)e¡ j 2¼
N k l 1 Qdiag[C(k)CH (k + ®)]hH (l2)ej 2¼

N (k+ ®) l 2

= QH (k)diag[C(k)CH (k + ®)]H H (k + ®) (31)
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Appendix B

Assumethat two system matrices H (k) and Ĥ (k) satisfy (6) for ® = 0 and some® 6= 0. According to

[6], in caseof unknown R e(k; k) and R e(k; k + ®), they are related as follows:

Ĥ (k) = H (k)¢ (k)P(k) (32)

where¢ (k) is the unknown diagonalmatrix with unit modulus elements, and P(k) is the unknown column

permutation matrix.

If such solution were allowable then according to (6) for ® = 0 we would get:

H (k)¢ (k)P(k)R e(k; k)P(k)H ¢ (k)H H (k)H = H (k)R e(k; k)H (k)H (33)

H (k)[¢ (k)P(k)R e(k; k)P(k)H ¢ (k)H ¡ R e(k; k)]H (k)H = 0 (34)

Let:

F(k)
4
= ¢ (k)P(k)R e(k; k)P(k)H ¢ (k)H ¡ R e(k; k) (35)

Since the channel matrix H (k) has full column rank, (34) implies that F(k)H (k)H = 0, which again

implies that F(k) = 0. Thus it holds:

¢ (k)P(k)R e(k; k)P(k)H ¢ (k)H = R e(k; k) (36)

Sincematrix P(k)R e(k; k)P(k)H is diagonal, and due to the unit modulus elements of ¢ (k) it follows

that:

¢ (k)P(k)R e(k; k)P(k)H ¢ (k)H = P(k)R e(k; k)P(k)H = R e(k; k) (37)

Noting that P(k)R e(k; k)P(k)H is matrix R e(k; k) with permuted diagonal elements, we conclude that

under assumption (A2), (37) can hold if and only if P(k) ´ I . Therefore, color permutation ambiguit y

doesnot exist.

Let us now consider the solution of the form Ĥ (k) = H (k)¢ (k). According to (6) we have:

H (k)¢ (k)R e(k; k + ®)¢ (k + ®)H H (k + ®)H = H (k)R e(k; k + ®)H (k + ®)H (38)

H (k)[¢ (k)R e(k; k + ®)¢ (k + ®)H ¡ R e(k; k + ®)]H (k + ®)H = 0 (39)

Sincethis must hold for all frequenciesit follows that:

¢ (k)R e(k; k + ®)¢ (k + ®)H = R e(k; k + ®) (40)

¢ (k)¢ (k + ®)H = I (41)

The phaseambiguit y matrix ¢ (k) is of the form:

¢ (k) = diagf ej µ1 (k ) ; ej µ2 (k ) ; ¢¢¢; ej µP (k ) g (42)

Therefore, according to (41) we have:

µi (k) = µi (k + ®) i = 1; ¢¢¢; P (43)

December 13, 2002 DRAFT



11

for all N discrete frequencies.

It is obvious that the last expressioncan hold only if µi (k) is independent of k, i.e., ¢ (k) = ¢ , where

¢ is complex diagonal matrix.

Acknowledgment

The authors would like to thank Dr. J. Xavier for his valuable input.

References

[1] H. BÄolcskei, R.W. Heath, and A.J. Paulra j, \Blind Channel Identi¯cation and Equalization in OFDM-Based Multi-

antenna Systems," IEEE Trans. on Signal Processing, vol. 50(8), pp. 96-109, Jan. 2002.

[2] I. Bradaric, A.P. Petropulu and K.I. Diaman taras, \On Blind Identi¯abilit y of FIR-MIMO Systems with Cyclosta-

tionary Inputs Using Second Order Statistics," in Proc. ICASSP'02 , vol. 2, pp. 1745-1748, Orlando, Florida, 2002.

[3] V. Capdevielle, Ch. Serviµere, and J. L. Lacoume, \Blind Separation of Wide-Band Sources in the Frequency Domain,"

in Proc. ICASSP , vol. 3, pp. 2080-2083, Detroit, MI, 1995.

[4] B. Chen and A.P. Petropulu, \F requency Domain Blind MIMO System Identi¯cation Based on Second and Higher-

Order Statistics," IEEE Trans. on Signal Processing, vol. 49(8), pp. 1677-1688, Aug. 2001.

[5] A. Chevreuil and P. Loubaton, \MIMO blind second-order equalization metho d and conjugate cyclostationarit y,"

IEEE Trans. on Signal Processing, vol. 47, pp. 572-578, Feb. 1999.

[6] K.I. Diaman taras, A.P. Petropulu and B. Chen, \Blind Tw o-Input-Tw o-Output FIR Channel Identi¯cation Based on

Frequency Domain Second-Order Statistics," IEEE Trans. on Sig. Processing, vol. 48(2), pp. 534-542, February 2000.

[7] Z. Ding, \Blind Wiener Filter Estimation for Multi-Channel Systems Based on Partial Information," in Proc. IEEE

Int. Conf. Acoustics, Speech and Signal Processing (ICASSP'97) , vol. 5, pp. 3609-3612.

[8] A. Gorokhov and P. Loubaton, \Subspace-Based Technique for Blind Separation of Convolutiv e Mixtures with Tem-

porally Correlated Sources," IEEE Trans. on Cir cuits and Systems I , vol. 44, pp. 813-820, September 1997.

[9] S. Haykin, \Adaptiv e Filter Theory ," Prentice-Hall, Englewood Cli®s, NJ, 4th edition, 1996.

[10] Y. Inouy e and K. Hirano, \Cum ulant-Based Blind Identi¯cation of Linear Multi-Input-Multi-Output Systems Driv en

by Colored Inputs", IEEE Trans. on Signal Processing, vol. 45(6), pp. 1543{1552, June 1997.

[11] H. Liu and M. Zolto wski, \Blind Equalization in An tenna Arra y CDMA Systems," IEEE Trans. on Signal Processing,

vol. 45(1), pp. 161-172, Jan. 1997.

[12] S. Shamsunder and G.B. Giannakis, \Multic hannel Blind Signal Separation and Reconstruction," IEEE Trans. on

Speech & Audio Processing, vol. 5(6), pp. 515-527, November 1997.

[13] L. Tong, G. Xu, B. Hassibi, and T. Kailath, \Blind Channel Identi¯cation Based on Second-Order Statistics: A

Frequency-Domain Approac h", IEEE Tran. on Information Theory , pp. 329-334, vol. 41(1), Jan. 1995.

[14] J.K. Tugnait, \Iden ti¯cation and Deconvolution of Multic hannel Linear Non-Gaussian Pro cessesUsing Higher Order

Statistics," IEEE Trans. on Signal Processing, vol. 45(3), pp. 658-672, March 1997.

[15] S. Van Gerven and D. Van Compernolle, \Signal Separation by Symmetric Adaptiv e Decorrelation: Stabilit y, Conver-

gence, and Uniqueness," IEEE Trans. on Signal Processing, vol. 43(7), pp. 1602-1612, July 1995.

[16] A-J van der Veen, S. Talwar and A. Paulra j, \Blind Estimation of Multiple Digital Signals Transmitted over FIR

Channels," IEEE Signal Processing Letters, vol. 2(5), pp. 99-102, May 1995.

[17] X. Wang and H.V. Poor, \Blind Equalization and Multiuser Detection in Disp ersive CDMA Channels," IEEE Trans.

on Communic ations , vol. 46(1), pp. 91-103, Jan. 1998.

[18] J. Xavier, V. Barroso, and J.M.F. Moura, \Closed Form Correlativ e Coding (CF C2 ) Blind Identi¯cation of MIMO

Channels: Isometry Fitting to Second Order Statistics," IEEE Trans. on Signal Processing, vol. 49(5), pp. 1073-1086,

May 2001.

[19] Z. Xu and M.K. Tsatasanis, \Blind Adaptiv e Algorithms for Minim um Variance CDMA Receivers," IEEE Trans. on

Signal Processing, vol. 49(1), pp. 180-194, Jan. 2001.

[20] D. Yellin and E. Weinstein, \Multic hannel Signal Separation: Metho ds and Analysis," IEEE Trans. on Signal Pro-

cessing, vol. 44, pp. 106-118, Jan. 1996.

December 13, 2002 DRAFT



12

0 50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

number of iterations

O
N

M
S

E

Q
2

Q
1

 o
 o

Fig. 2. ON M SE versus the number of iterations for

SN R = 10dB and two di®erent data lengths: T1 = 2048

(dashed lines) and T2 = 4096 (solid lines). The dotted

line corresponds to the 64-QAM inputs and T2 .
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di®erent data lengths used for system identi¯cation.
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10dB . The result was obtained for the true channel

length (L a = 4) and for the mismatc h (L a = 12)..
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The dashed line corresponds to the XBM algorithm,

while the solid line corresponds to the prop osed algo-

rithm initialized with the XBM solution.
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Fig. 7. ONMSE versus the data length for SN R = 10dB .

The result was obtained for the true channel length

(L a = 3), and also for length mismatc h by 1 and 2 sam-

ples.
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