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Abstract

Social Networks like the Internet show interesting behavior that can be
modeled with the help of Random Graphs. Random Graphs are named so
because the properties of these graphs, namely the number of vertices,
edges, and the connection between them are determined in some random
manner. Though Erdos-Renyi Random Graphs were used traditionally to
analyze network metrics, real-world characteristics were displayed better by
networks that obeyed a power-law degree distribution. It has been
proposed[5] that the analyses of these metrics can be performed by using
simple polynomials (Generating Functions) whose coefficients are the
respective probability distributions. We investigate the validity and the
effectiveness of this method with simulations. We aim to use this method to
simplify the complex calculations involved in the analysis of large social,
biological and most importantly, information flow networks.
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Introduction to Random Graphs

Random Graphs are graphs in which the properties of the graphs, namely
the number of vertices, edges, and the connection between them are
determined in some random manner.

Example: Erdos-Renyi random graphs are minimal models of graphs with n
nodes and the edges between any two nodes are chosen uniformly at
random

In particular, in the version we are looking at, each edge will be present
with a probability p

Terms associated with random graphs - Phase Transition, Giant
Component, Preferential Attachment



Introduction to Random Graphs

Lets see an example of how Random Graphs are constructed - Let us
generate a random graph on a set of n = 7 vertices. We assume that each
edge between any randomly chosen pair of nodes has a probability of p to be

selected.

n=7
Emax = 21
Each edge selected

with probability p

Figure 1. A Random Graph on 7 vertices

Note: Even though there are 21 possible edges in this graph, only 6 are
chosen because of the probability.



Phase Transition and Giant Component

Phase Transition : In a random graph, the probability at which a graph with
several separate but connected components switches to a graph with a
single Giant Component with several disconnected components.

This phase transition can be a observed in two cases|[3] -

* Keeping p constant, while allowing the graph to evolve over time
* Changing the probability of connection between vertices over
non-evolving graphs (nodes constant).

Explanation of 1st case - Take a set of nodes and start connecting them
one pair every timestep (with a probability p of course!). At each timestep,
atmost one edge is added. After n time steps, there are atmost n edges.

There is going to be a time point when one can imagine two connected
components of relatively small size joined by a single edge which makes a
large component
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Figure 2: first case
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Figure 3: Adding an edge creates a bigger connected component



The other case - phase transition based on probability - depends on
whether the probability of the connection between the nodes is high or low.
At low p, the graph will be largely segmented and at very high p, the graph
will be almost fully connected. There is a threshold value of p at which
there is a transition from segmented pieces to the formation of a single
large entity
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Degree Distribution is Poisson!

For any Random Graph, the degree distribution follows the binomial
distribution. That is, N(p) ~ binomial(n — 1,p). Why?

But we know that as n — oo, the binomial distribution will tend to the
Poisson Distribution. We see the demonstration of the same effect by
comparing simulations with the actual distributions.

There is predominant clustering around the mean which indicates the
Poisson effect.

e_AAk

Poisson Distribution given by - P(N(p) = k) = <~



Degree Distribution is Poisson

The red histograms are
the degree distributions
of Random Graphs that
were constructed using a
simulation.

The blue histograms are
the degree distributions
that a poisson distribution
generates.
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How do Random Graphs fit in?

Random Graphs show presence of giant component beyond the phase
transition

They also demonstrate the Small-world property[6]
However, most noticeably there is an absence of clustering (table 1)

Degree distributions don’t match - Preferential Attachment

There is a lot of statistical data that shows that the Erdos Renyi model with a
Poisson-like distribution is not the answer to model real-world networks.
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Clustering Coefficient

Figure 6: Clustering Coefficient

Clustering coefficient - What is the probability that my neighbor’s neighbor
IS my neighbor?

In real-world networks, clustering is high. eg. Internet - Why?

However, in case of ER Random Networks, the probabilities of vertex pairs
being connected by edges are by definition independent, So? - Disparity!
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Clustering Coefficient

For an ER graph, the clustering coefficient is approximately - z /n, where
z = average degree of the graph and n is the total number of nodes.

Hence as n — oo, the clustering coefficient goes to zero.

In case of the corrected Model, the clustering coefficient is -

2

C = Zley + %]

The disparity between real-world models and Random Graphs is seen
clearly in the table.



Clustering Coefficient

clustering coefficient '
network z | measured random graph
0.24
0.11 0.00023
0.080 0.00054
0.081 0.000010
mathematics collaborations® 253 339 0.15 0.000015

film actor collaborationst 449913 3.4 | 0.20 0.00025

Internet (autonomous systems)? 6374
World-Wide Web (sites)® 153127
power grid® 4941

b

biology collab orationsd 1520251

TS

[

company directors! 7673 4.4 | 0.59 0.0019

word co-occurrence® 460902 70. 0.44 0.00015
neural network® 282 4.0 | 0.28 0.049
metabolic network? 315 283 | 0.59 0.090

food web! 134 BT | 0.22

Table 1: Number of vertices n, mean degree z, and clustering coefficient C' for a number of
different networks. Numbers are taken from *Pastor-Satorras et al. (2001), " Adamic (1999),
“Watts and Strogatz (1998), Newman (2001b), *Newman (2001d), ‘Newman et al. (2001),
2i Cancho and Solé (2001), *Montoya and Solé (2001), 'Fell and Wagner (2000).

Figure 7: Table 1 taken from [5]



Preferential Attachment

Figure 8. Preferential Attachment on a Graph evolving over time[2]

New nodes added to the network are more likely to connect to the more
popular nodes (nodes with higher degree).

Older nodes have a greater opportunity to acquire links, by virtue of being
older and newer nodes more likely to connect with high-degree nodes than

low-degree nodes
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Preferential Attachment

For example: scientific literature citations

older papers more likely to be cited than newer papers, more exposure
newer papers more likely to cite older papers, more prestige

Preferential Attachment gives the Random Graph a power-law distribution
for its degree.

17
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Make things better

Generalize the Erdos-Renyi random graph to mimic clustering and degree
distributions of the real-world networks.

Restrict the degree distribution to a specific degree sequence

Fraction of vertices having degree k will tend to the desired degree
distribution p; as n becomes large.

Generate 'stubs’ projecting out of each of the nodes equal to the degree of
the node.

The stubs are then chosen randomly in pairs and connected to form edges.



Construction Example

The degree distribution considered hereis- D = {2,5,5,4,4,4,1,1,6}

 Degree Distribution depicted as 'stubs’
f A

Stubs attached

Completed Graph

19
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Probabililty Generating Functions

The probability generating function for a random variable is a polynomial
whose coefficients are the probabilities

Alternative representation for the probability distribution.

For the probability distribution p; the corresponding generating function is
given by - Go(z) = Y52 o pra®

The function generates the distribution - by simple differentiation

_ 1 deO
Pk — %! dx . ‘a::O

21



Example for Generating Functions
Consider the case of a fair 6-sided die. The Generating function will be -
Fo(z) = 02° + (2 + 22 + 2® + 2* + 2° + 29)
It is obvious that we can "generate” the distribution out of the polynomial

Note - If a certain property is described by a gen. function, then its sum

over m independent realizations is generated by the m!"* power of the gen.

function

For the earlier example shown, we will have PGF as -

2, 1 1 2 1
Go(z) = sz + 522 + 52* + 52° + 5a°

22



Still on Generating Functions

Properties of interest -
Properly Normalized if Go(1) = >, pr =1
Mean and other moments can be calculated by simple differentiation
Mean = Gj(1) = 3, kpi = (k)
For the graph we generated,
p1 =55 (Er + go? + 30t + 2% + §20%) om0 = 2
po = 25 (20 + 122 4+ 1ot 4 225 4 12|, = 1

and so on...

23



Properties
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The Main Question

Question - What is the Probability Distribution for the cluster size containing
a randomly chosen node?

Solution - If components are tree-like then we can follow edges starting
from the node till we reach a dead end.

What to we need? - Degree distribution of a randomly chosen node, and
the degree distribution of the randomly chosen neighbor of a randomly
chosen node.



Metrics

Degree distribution of the vertices is governed by p;.
Degree distribution of the first neighbor - tricky!
Lets say that the degree distribution of the neighbor is given by gy.

Randomly choose an edge from the graph and travel to one of the
endpoints.

27



Edge Ends

Metrics

Since higher degree vertices have
more edges connected to them,
there is a greater chance of reaching
a higher degree vertex.

Thus the degree distribution of the
vertex that is reached is proportional
to kp,. and not just p;..

However, we are not interested In
the degree distribution of the vertex,
we are interested in counting the
number of edges attached to the
vertex other than the one we arrived
on. Why?

28



Derivation

discount the edge we

probability to find that node arrived along

\ | f

normalization

Figure 14: The formula[1]

Basically the number we are looking for is one less than the degree of the
vertex. Hence we can say -

_ (E4+1)pr4q
Ik = Zj jpj

29
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Derivation

Generating function for this degree distribution can be derived from degree
distribution of the vertices - Gy(x).

Gi(x) = @ where z is the average degree of the graph. z = >, kpy

The main metrics we want to analyze are - distribution of component sizes
and the mean component size of the graph.

We also want to get an understanding of the phase transition



Component Size Distribution

Figure 15: different possibilities [5]

Assumption 1 - we are below the phase transition - no giant component
Assumption 2 - all finite components are tree-like - no closed loops.

Finding Clusters - We choose a node at random and follow the node to a

point where there are no more nodes to be traversed. The resulting set will
form a cluster.

Let H,(x) be the generating function that generates the distribution of the
sizes of these clusters.
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Derivation

Random Edge selected

Figure 16: A randomly chosen edge

Consider the following experiment: choose an edge at random, choose a
direction on that edge, i.e., choose one of the two vertices, and count the
number of vertices in the component (tree) at that vertex.

Define the random variable M as the number of vertices so counted.
Explanation - we know that H;(x) generates the distribution for the

component size that each node belongs to. Take the randomly chosen
node and travel once along each one of its edges.



Derivation

Clearly M = 1+M;+---+ M7, where
L ~ q.

Define Hi(z) as the pgf for M

This Is so because, each M, has a
cluster size given by H;(x)

Hence the generating function
takes the form of Hi(x) =
e Yo k[ Hn(2)]F = oG (Hy (@)

Component size distribution
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Similarly...

Figure 18: For a randomly chosen node

Now we can get a Generating function for the distribution of the component
size of a randomly chosen node that has degree governed by py.

Ho(x) = 2 3 52 pr[H1(2)]* = 2Go(H1(x)) Why?
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Mean Component Size

Assumption - below phase transition.

Since the component size distribution cannot be calculated in closed form
most of the times, a useful statistic is the mean component size.

Hence mean component size = (s) = Hj(1) = 1+ G{(1)H{(1)

Using the fact that properly normalized generating functions have a value of
1 at z = 1, we consider Go(1) = H;(1) = 1 giving us on simplification -

Hi(1) = 1—5’1(1)

This will give us (s) = ;21
1



Mean Component Size

But we know G (1) = (k) = >, kpr = 21

_ pke=Dp, _ (BH—(k) _ 2
and also G (1) = =k~ =t =2

From this, we can simplify and obtain

2
1

21 —%2

(s) =1+

Hence the phase transition happens at z; = z5. This is because the

equation diverges.
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Summary of Results from [ 5]
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Simulation Results

Package used for graphing methods and algorithms - JUNG.[4]

Degree Disribution of the Graph Degree Disribution of the Graph

numbe
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Figure 23: Distinct difference in the degree distribution for the ER graph and
the Scale-free Graph. Case 1 - n = 100, p = 0.05 for ER graph and n = 100 for
scale-free






