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Belief Propagation, Dykstra’s Algorithm, and
Iterated Information Projections

John MacLaren Walsh, Member, IEEE, Phillip A. Regalia Fellow, IEEE,

Abstract—Belief propagation is shown to be an instance of
a hybrid between two projection algorithms in the convex pro-
gramming literature: Dykstra’s algorithm with cyclic Bregman
projections, and an alternating Bregman projections algorithm.
Via this connection, new results concerning the convergence and
performance of belief propagation can be proven by exploiting
the corresponding literature about the two projections algorithms
it hybridizes. In this regard, it is identified that the lack of
guaranteed convergence for belief propagation results from the
asymmetry of its Bregman divergence by proving that when the
associated hybrid projection algorithm generalization is used
with a symmetric Bregman divergence, it always converges.
Additionally, by characterizing factorizations that are close to
acyclic in a manner independent of their girth, a new collection
of distributions for which belief propagation is guaranteed to
perform well is identified using the new projection algorithm
framework.

Index Terms—belief propagation; convex programming; in-
formation projections; information geometry; projections algo-
rithms

I. INTRODUCTION

The venerable belief propagation algorithm [1] has emerged
over the past two decades as a robust and widely applicable
estimation procedure in an impressive array of problem set-
tings. The algorithm may be formulated as a “fast” method for
calculating marginal probabilities [2] when a certain factor
graph assumes a forest structure, yet its real power lies in
its success when applied to factor graphs displaying loops.
The seminal practical confirmation occurred with the advent
of turbo codes [3], [4] which breached previous barriers in
approaching the Shannon limit of reliable communications
over a noisy channel. Further validation followed with the
resurrection [5] of low density parity check codes [6], and in
relatively short time successful applications of belief propaga-
tion have been reported in network diagnostics [7], sensor self-
localization [8], distributed inference in sensor networks [9],
[10], and multi-user communications [11], [12], [13], among
other problems underlying multi-terminal information theory
(see, e.g., the references in [14], [15]). Additional terrain
has been charted with extensions to continuous probability
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distributions using expectation propagation [16], [9], which
encompasses belief propagation in particular settings.

The impressive range of applications is tempered by the
iterative nature of belief propagation, since convergence of the
procedure has not been proved in the general case. The various
formal results available appeal to asymptotic approximations
[17], [18], [19], [20] in the problem dimension, isolating
conditions under which the factor graph girth (which is the
number of iterations before the shortest loop in the factor
graph closes itself) becomes arbitrarily large; the loops nearly
disappear and the dependence graph becomes locally a tree, on
which belief propagation performs an exact marginal proba-
bility calculation. Although such results confirm the favorable
behavior in such asymptotic settings, the approximations are
known to break down for more reasonable problem sizes,
and indeed, specific instances of misconvergence and chaotic
behavior are catalogued in [21].

The intent of this work is to rephrase belief propagation
as an iterative projection algorithm using information geom-
etry. Various information-geometric interpretations of belief
propagation have emerged over the years: early instances
are identified in Moher and Gulliver [22] and Grant [23] in
the study of turbo decoding [24] and bit-interleaved coded
modulation [25], and tacitly underlies Richardson’s treatment
[26], as clarified by Ikeda et al. [27], [28]. The identified
shortcomings of those prior approaches concerns the difficulty
in phrasing extrinsic information extraction (the key “recipe”
ingredient behind such iterative schemes) as projections on
invariant sets [29]. The situation is to be contrasted with
existing information projection algorithms of Csiszár [30], [31]
and Dykstra [32], which are provably convergent, and have
since been extended to projection algorithms for convex pro-
gramming using Bregman divergences [33], [34], [35], [36].
We review several of these Bregman projections algorithms
for convex programming in §II.

Our main result, presented in §III, rephrases the belief
propagation algorithm in a form showing greater affinity
with several of these convex programming algorithms, as
first recognized in [37], [16] in the context of expectation
propagation. In particular, we show that belief propagation
may be interpreted as an instance of a hybrid between two
iterative projections convex programming algorithms: alternat-
ing Bregman projections, and Dykstra’s algorithm with cyclic
Bregman projections. This more general hybrid projections
algorithm is then dubbed the belief propagation Bregman
projections algorithm.

More recent work by Alberge [24] has also noted the simi-
larity between iterative decoding and Dykstra’s algorithm, but
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arrives at a projection algorithm formulation which requires
that the sets on which to project depend on the point that is
to be projected, and thus deviates significantly from Dykstra’s
algorithm which does not allow this. Our alternate formulation,
the belief propagation Bregman projections algorithm, does
not suffer this problem, and can be explained exclusively in
terms of an adaptation of Dykstra’s algorithm with Bregman
projections on invariant sets.

While belief propagation is not properly a convex optimiza-
tion procedure, two advantages of fitting belief propagation
within this more general class of projections algorithms are
nonetheless demonstrated. The first shows that the lack of
guaranteed convergence for belief propagation stems from
the asymmetry of its Bregman divergence. We prove this
by showing that when the associated hybrid projection al-
gorithm generalization is used with a symmetric Bregman
divergence instead of the relative entropy, it always converges.
Furthermore, it is empirically observed that this modified
algorithm converges near a two-step projection reminiscent
of marginalization in several example cases, although the
convergent point does not always have this property, as
another example shows. Narrowing down the set of joint
distributions for which belief propagation proves effective
leads to the second instance that validates the new framework,
which is discussed in §V. This second instance broadens the
class of known factorizations of joint distributions for which
conventional belief propagation provides estimates close to
the true marginals after a finite number of iterations. This
is achieved by characterizing factorizations that are close to
acyclic in a manner independent of their girth by appealing to
the continuity of the presented hybrid projections algorithm.
Although we consider the binary random vector case for
pedagogical simplicity, the results extend to arbitrary discrete
random variables and some continuous random variables via
expectation propagation, as developed in section VI. Finally,
section VII concludes the paper, discussing several prominent
avenues for future research.

II. BACKGROUND

We collect in this section some basic definitions related to
Bregman divergences and projections, briefly mentioning some
examples from information geometry.

A. Bregman divergence

Consider a convex function f(q) defined over some convex
domain D ⊆ RN . The graph of any convex function is lower
bounded by any tangent hyperplane [38], as depicted in Fig. 1.
Assuming f(·) is differentiable at q, this induces the gradient
inequality

f(r) ≥ f(q) + 〈∇f(q), r− q〉, for all r ∈ D,
where ∇f(q) = df(q)/dq is the gradient vector, and 〈·, ·〉
denotes the standard inner product. If f(q) is strictly convex
(meaning here that strict inequality holds everywhere in the
gradient inequality except q = r) and differentiable, the
Bregman divergence [33], [39] induced by f is defined as

Df (r,q)
∆
= f(r)− f(q)− 〈∇f(q), r− q〉 ≥ 0

f(r)

f(q)

f(q) + !"f(q), r # q$

q r

D(r,q)
!

Fig. 1. Illustrating the gradient inequality, applicable to any differentiable
convex function.

As f is assumed strictly convex, the Bregman divergence
vanishes if and only if r = q.

Some important examples of Bregman divergences include:

Example 1 (Euclidean distance squared): for which D = RN
and f(q) = 1

2‖q‖22 = 1
2

∑N
i=1 q

2
i yielding Df (r,q) =

1
2‖r−

q‖22.

Example 2 (Mahalanobis Distance Squared): for which D =
RN and f(q) = qTAq for some positive definite symmet-
ric matrix A, yielding Df (r,q) = (r− q)TA(r− q).

Example 3 (Kullback Leibler Divergence): Let q =
[q1, . . . , qN ] together with q0 = 1 − ∑N

i=1 qi collect the
evaluations of a probability mass function defined onN+1
outcomes. The negative Shannon entropy

f(q) =

N∑
i= 0

qi log qi

is convex [40] with domain

D =

{
q

∣∣∣∣∣qi ≥ 0 ∀i ∈ {1, . . . , N},
N∑
i=1

qi ≤ 1

}
,

and its induced Bregman divergence is readily calculated
as

Df (r,q) =

N∑
i= 0

ri log
ri
qi

= I(r‖q)

which is the Kullback-Leibler divergence (a.k.a. relative
entropy or information divergence) between r and q.

To every convex function f(q) is associated a conjugate
function f∗(θ) defined through ([38] pp. 104)

f∗(θ) = sup
q

(
〈q,θ〉 − f(q)

)
.

The conjugate function f∗(θ) is likewise convex, and, under
some additional regularity conditions (namely, that f be of
Legendre type, i.e., strictly convex and differentiable every-
where inside an open and convex domain with |∇f(qi)| → ∞
for any sequence qi approaching a boundary, [38] pp. 258), the
gradients ∇f(q) and ∇f∗(θ) are inverse maps to each other
[38], in which case f∗ and f are said to form a Legendre
transform pair.
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Example 4 (Log Partition Function): The conjugate func-
tion f∗(θ) to the negative Shannon entropy is [27], [28],
[31]

f∗(θ) = sup
q

(
〈q,θ〉 − f(q)

)
= log

(
1 +

N∑
i= 1

exp(θi)

)
with θi = log qi

q0
, θ = [θ1, . . . , θN ]T , and is recognized as

the log partition function of thermodynamics. The domain
D∗ consists of all vectors in (IR ∪ {±∞})N (i.e., all of the
extended reals). Note that the gradients of f and f∗ form
inverses to one another, so that they form a Legendre
transform pair.

Under these regularity conditions (that f be of Legendre type),
the conjugate function f∗ can be rewritten as

f∗(θ) = sup
q

(
〈q,θ〉 − f(q)

)
= 〈(∇f)−1(θ),θ〉 − f((∇f)−1(θ))

= 〈∇f∗(θ),θ〉 − f(∇f∗(θ))
and hence induces a Bregman divergence

Df∗(ρ,θ) = f∗(ρ)− f∗(θ)− 〈∇f∗(θ),ρ− θ〉
= 〈∇f∗(ρ),ρ〉 − f(∇f∗(ρ))− 〈∇f∗(θ),ρ− θ〉
− (〈∇f∗(θ),θ〉 − f(∇f∗(θ)))

= f(∇f∗(θ))− f(∇f∗(ρ))− 〈ρ,∇f∗(θ)−∇f∗(ρ)〉
= Df (∇f∗(θ),∇f∗(ρ))

This effectively swaps the arguments of Df and uses a re-
parameterization through the map ∇f(·) of the domain. In
other words, for f of Legendre type, letting ρ = ∇f(r) and
θ = ∇f(q), we have

Df (r,q) = Df∗(θ,ρ) (1)

for all r,q ∈ D.

Example 5 (Bregman Divergence for the log partition func-
tion): The induced Bregman divergence Df∗ from the
log partition function f∗ is again the Kullback Leibler
divergence

Df∗(ρ,θ) = log

1 +

N∑
i= 1

exp(ρi)

1 +

N∑
i= 1

exp(θi)

−
N∑
i= 0

exp(θi) (ρi − θi)

1 +

N∑
j= 1

exp(θj)

= I(q‖r)
written in terms of the log coordinates, and with the
arguments switched with respect to the previous example.

As the previous examples show, the Bregman divergence
may or may not be symmetric. In fact, the following lemma
shows that the class of symmetric Bregman divergences is
rather small:

Lemma 1 (Mahalanobis Divergences are the only Symmet-
ric Bregman Divergences): The only twice differentiable

symmetric Bregman divergences are the Mahalanobis
squared divergences: Df (r,q) = (r−q)TA(r−q) with A
a positive definite symmetric matrix.

Proof: Let f be a twice continuously differentiable strictly
convex function of Legendre type, and let Hz denote the
Hessian operator (second order derivative matrix operator w.r.t.
the variables z). As Df (r,q) = f(r)−f(q)−〈∇f(q), r−q〉,
then for any fixed q we have

HrDf (r,q) = Hrf(r) (2)

On the other hand, since for a symmetric Bregman divergence

0 = Df (r,q)−Df (q, r)

= 2f(r)− 2f(q)− 〈∇f(r) +∇f(q), r− q〉 (3)

we have, after taking a gradient w.r.t. q

0 = ∇f(r)−∇f(q)−Hqf(q)(r− q).

That is,
∇f(r) = ∇f(q) +Hqf(q)(r− q).

Plugging this into (3) we have

0 = 2f(r)−2f(q)−2〈∇f(q), r−q〉−(r−q)THqf(q)(r−q),

which is readily recognized as

2Df (r,q) = (r− q)THqf(q)(r− q).

For any fixed q, this is clearly quadratic in r; taking the
Hessian of this expression w.r.t. r then gives

HrDf (r,q) = Hqf(q).

When combined with (2), this reveals

Hqf(q) = Hrf(r) for all q, r ∈ D.

This says that the Hessian matrix is constant, so that f(·)
is quadratic. The requirement that f be strictly convex then
yields the positive definite requirement. �

B. Bregman Projections

Let f(q) be a strictly convex function, Df (r,q) its induced
Bregman divergence, and C a convex subset of the domain
D. Suppose q is in D but not in C. The Bregman projection
[33], [39], [41] ←−π Cf (q) of q onto C is the solution to the best
approximation problem

←−π Cf (q) = argmin
r∈C

Df (r,q)

and is characterized by the inequality

Df (r,q) ≥ Df

(
r,←−π Cf (q)

)
+Df

(←−π Cf (q),q), ∀r ∈ C,

or its equivalent form

〈∇f(q)−∇f(←−π Cf (q)),←−π Cf (q)− r〉 ≥ 0 ∀r ∈ C.
When f is additionally of Legendre type, then the Bregman

projection←−π Cf∗(θ) associated with the conjugate function onto
a convex set C ⊆ D∗, when mapped through the coordinate
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change ∇f(·), may be alternatively interpreted as a certain
right Bregman projection onto Ĉ , ∇f(C) defined as

−→π Ĉf (q) , argmin
r∈Ĉ

Df (q, r).

This is because

∇f
(←−π Cf∗(θ)) = ∇f (argmin

ρ∈C
Df∗(ρ,θ)

)
= ∇f

(
argmin

ρ∈C
Df (q,∇f(ρ))

)
= argmin

r∈Ĉ
Df (q, r) =

−→π Ĉf (q), by (1).

Some common examples of Bregman projections include
the normal orthogonal projections (in which case f = f∗ =
1
2‖ · ‖22), and information projections in information geometry
[27], [28], [31] (in which case f is the negative Shannon
entropy or log partition function). Additional examples of
information projections, including marginalization and code
book membership enforcement as they relate to coding theory
and belief propagation decoding, may be found in the excellent
articles [27], [28], [23], [25], [22], [26].

C. Bregman Projections Algorithms

We assemble in this section some standard convex approx-
imation problems and the iterative algorithms that have been
devised to solve them. An early instance was proposed by
Csiszár [42], but shown subsequently by Dykstra [32] not
to converge to the correct solution in all cases; an improved
algorithm was developed in [32] to correct this shortcoming.
Further developments of interest have been developed by
Bauschke and co-workers [43], [36], [41], who extended both
the class of algorithms to which such iterative procedures
apply and the class of functionals to be used as divergence
measures. The first two iterations of the various methods
are illustrated in Figure 2 for the special case in which the
Bregman divergence is selected to be the squared Euclidean
distance.

1) Feasibility and Best Approximation: Suppose the do-
main C in the best approximation problem ←−π Cf (q) =
argminr∈C Df (r,q) can be expressed as the intersection of
convex sets:

C =
N⋂

n= 1

Cn

Letting ←−π (n)
f (·) denote the Bregman projector onto

C[(n−1) mod N ]+1, a natural way to attempt to solve
this problem is the method of cyclic Bregman projections
[39], in which the recursion

rn :=←−π (n)
f rn−1

is initialized with r0 , q. An example from [32], however,
shows that this need not converge to the correct solution.

Alternatively, under a few regularity conditions, the fol-
lowing iterative algorithm [34], [35], [36], dubbed Dykstra’s

algorithm with cyclic Bregman projections,

rn = ←−π (n)
f

(
∇f∗

(
∇f(rn−1) + sn−N

))
(4)

sn = ∇f(rn−1) + sn−N −∇f(rn) (5)

yields a sequence {rn} which is provably convergent to the
solution to to the best approximation problem: limn→∞ rn =←−πf (q). The algorithm is initialized according to

r0 = q, s−(N−1) = · · · = s−1 = s0 = 0.

2) Minimum Divergence: Consider two convex sets C1 ⊆ D
and Ĉ2 ⊆ D∗ having no intersection in the sense that when
C2 , ∇f(Ĉ2), C1∩C2 = ∅. A natural desire is to find a pair of
vectors r∗ ∈ C1 and q∗ ∈ C2 which are closest to each other,
i.e.,

Df (r∗,q∗) = inf
r∈C1,q∈C2

Df (r,q).

One may readily conceive of algorithms which attempt to solve
this problem by projecting onto C1 and C2 in an alternating
manner, yielding the alternating projections algorithm

rn = ←−π C1f (qn−1) (6)

qn = −→π C2f (rn) (7)

studied in [41], and in earlier in [30] for information projec-
tions.

Although Dykstra’s algorithm with cyclic Bregman projec-
tions is built solely from left projections, and is thus not suited
to such an alternating projections context, in the special case
in which f(q) = 1

2‖q‖2 (using the Euclidean norm), we have
Df (r,q) = 1

2‖r − q‖2 and ←−πf (·) = −→π f (·) reduces to the
orthogonal projection operator π(·) of Euclidean space. In
this case Dykstra’s algorithm with cyclic Bregman projections
can be applied to the minimum distance problem, yielding the
iteration

rn = π1(qn−1 + vn−1)

vn = qn−1 + vn−1 − rn

qn = π2(rn + wn−1)

wn = rn + wn−1 − qn

which is shown in [43] to converge to the minimizing solution,
in which π1(·) [resp., π2(·)] is the orthogonal projector onto
C1 (resp., C2).

III. BELIEF PROPAGATION AS AN INSTANCE OF A
MODIFIED DYKSTRA’S BREGMAN PROJECTIONS

ALGORITHM

We review here the belief propagation algorithm ([1], [2],
[44]), which is an iterative algorithm that attempts to calculate
the marginal probabilities of a given joint probability or
likelihood function. Our main result rephrases the algorithm as
an iterative projection algorithm. We treat the case of binary
variables for tractability; the same ideas can be developed
for more general data sets and even extended to expectation
propagation over continuous probability densities as we show
in Section VI.
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C

C1

C2

q

r1

r2

r3

r4

C

C1

C2

q

r1

r2 + s1

r3 + s2

r4
r2

r3

C2
C1

q0

r1

q2

r2
q3

C1 C2

q0

r1

q1

q1 + v1

r2

r2 +w1

q3

Fig. 2. First two iterations of the alternating projections (left) and Dykstra’s algorithm (right) for solving the best approximation (top) and minimum
divergence problems (bottom) with the Bregman divergence selected as half the squared Euclidean distance.

For the present treatment, consider again the situation in
which we aim to deduce M bits collected as x = [x1, . . . , xM ]
based on an observation vector y and a likelihood function
p(y|x). The belief propagation algorithm is attractive when
the likelihood function factors into a product as

p(y|x) =
K∏
k= 1

gk(x)

Here the functions {gk} are tacitly parametrized through y. A
given gk will typically depend only on a subset of the variables
in x, in the sense that there exists some smallest subset xM(k)

of the variables x (M(k) ⊂ {1, . . . ,M}) and a function
ĝk(xM(k)) such that gk(x) = ĝk(xM(k)) for all x ∈ {0, 1}M .
This observation is key to providing computationally efficient
implementations of belief propagation. For ease of exposition,
however, we will not burden the notation with further subsets
of the variables from x, and hence will use the equivalent
functions gk(x) instead of ĝk(xM(k)). It is easily verified
that there is no mathematical difference between the belief
propagation algorithms that arise from these two forms, and
this form is more amenable for understanding the dynamics
of belief propagation in the light of convex programming
projections algorithms.

A classic example of such a factored form is when the
observations in vector y are the output of a memoryless
channel with x as its input, giving

p(y|x) = C(x)

M∏
i= 1

p(yi|xi)

in which C(x) is the indicator function for the code which
equals one when x is a code word and zero otherwise,
which may itself factor into simpler indicator functions. Other
examples where belief propagation may be applied include
network diagnostics (e.g., [7], [9], [10]), channel estimation,
and self-localization in sensor networks (e.g., [8]), in addition
to general inference problems [1].

x1

x2

x3

x4

x5

g1(x)

g2(x)

g3(x)

g4(x)

g5(x)

g6(x)

mx1!g1
(x1)

mg6!x5
(x5)

Fig. 3. Example factor graph, illustrating messages passed between variable
nodes (on the left) and factor nodes (on the right).

From the factored likelihood function, we may sketch a
factor graph [2] as in Figure 3, in which the factor nodes
on the right represent the functions {gk(x)} and the variable
nodes on the left designate the variables {xi}. An edge (or
branch) in the graph connects a variable node xi to factor
node gk(x) if that factor depends on xi, i.e. if i ∈ M(k).
The edges provide the paths along which messages are passed
between nodes, designated as

mxi→gk(xi) from variable node xi to factor node gk;
mgk→xi(xi) from factor node gk to variable node xi;

and scaled so that the two evaluations sum to one:
mxi→gk(0) +mxi→gk(1) = 1.

The update equations for the algorithm may be summarized
as follows, in which superscript (j) denotes an iteration index:

• Factor nodes. Given incoming messages m(j−1)
xn→gk(xn) at

the kth factor node, perform:

m(j)
gk→xi

(xi) = αi
∑
x`: 6̀=i

gk(x)

M∏
n= 1
n 6=i

m(j−1)
xn→gk(xn), (8)

i = 1, 2, . . . ,M ; in which the scale factors αi ensure that
evaluations sum to one. For iteration j = 0, the initial
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incoming messages are

m(−1)
xn→gk(0) = m(−1)

xn→gk(1) =
1
2 .

• Variable nodes. Given incoming messages m(j)
g`→xi(xi) at

the ith variable node, perform

m(j)
xi→gk(xi) = βk

K∏
`= 1
` 6=k

m(j)
g`→xi

(xi), (9)

k = 1, 2, . . . ,K; in which the scale factors βk ensure that
evaluations sum to one.

If convergence occurs, the belief quantities

ri(xi) ∝ mxi→gk(xi) ·mgk→xi
(xi), i = 1, 2, . . . ,M,

(properly scaled to sum to one) furnish the bit estimates: x̂i =
1 if ri(1) > ri(0), and x̂i = 0 otherwise.

To rephrase this algorithm in terms of information projec-
tions, consider K copies of the variable vector x, denoted
x1, . . . , xK , and treated as independent variables; we will
associate each copy to one of the factors gk, giving an extended
version of our likelihood function in the form

p(x1, . . . ,xK) =

K∏
k= 1

gk(x
k) (10)

The true likelihood function is obtained if we constrain x1 =
x2 = · · · = xK . Now, the variables x1, . . . , xK taken together
admit 2MK evaluations. The set of probability mass functions
over this set of evaluations is denoted D. Choosing f as the
negative Shannon entropy, we recall that for any probability
mass function q(x) ∈ D, with q the vector collecting its 2MK

evaluations, the gradient ∇f(q) = θ gives its logarithmic
form, with ith element θi = log(qi/q0), and inverse map
∇f∗(θ) = q. We distinguish two sets. The first set is the
set of product distributions, i.e. those distributions which are
the product of their bitwise marginals

P =

{
θ : ∇f∗(θ) = q(x1, . . . ,xK) =

K∏
k= 1

M∏
i= 1

qk,i(x
k
i )

}
,

P̂ = ∇f(P). (11)

P is convex in the logarithmic coordinate domain D∗, and
P̂ is the corresponding (non-convex) set in the coordinate
domain D. The second set is the convex set of probability mass
functions which vanish at evaluations where the K copies of
x differ:

Q =
{
r ∈ D : r(x1, . . . ,xK) = 0 if xi 6= xj for any i 6= j

}
.

(12)
These sets of probability distributions are defined in the

same spirit of interpreting variable nodes in a factor graph
as equality constraints as introduced in the concept of normal
graphs in [45] as depicted in Figure 4. Namely, each edge
in the factor graph is viewed as an independent variable,
leading to the interest in P for which all these edge variables
are independent. The variable nodes are then interpreted as
equality constraints between these edges variable, leading
to the interest in Q which considers only those probability

distributions which enforce this equality with probability one.
Finally, the factor functions viewed as a function of the free
edge variables

∏K
k=1 gk(x

k) (i.e. neglecting the edge equality
constraints reflected by variable nodes), listed as a vector
of probabilities yield the intialization z−1 to the projection
algorithm. That is, z−1 has ith element

[z−1]i =

K∏
k= 1

gk(b
k
i ) (13)

where bi = [b1
i , . . . ,b

K
i ] is the KM -bit binary representation

of the integer i.

Theorem 1: The belief propagation algorithm is an in-
stance of the following general Bregman projection algo-
rithm

kn = −→π P̂f (∇f∗ (∇f(zn−1) + σn−1)) (14)
σn = ∇f(zn−1) + σn−1 −∇f(kn) (15)
rn = ←−π Qf (∇f∗(∇f(kn) + τn−1)) (16)

zn = −→π P̂f (rn) (17)
τn = ∇f(kn) + τn−1 −∇f(zn) (18)

for integer n ≥ 0, f the negative entropy, P,Q, P̂ given by
(11,12), and with initialization σ−1 = τ−1 = 0 and (13).

Before we prove the theorem, it is instructive to compare
the projection algorithm generalization of belief propagation
introduced in the theorem to the convex programming algo-
rithms presented in Section II-C. We begin by noting that the
algorithm bears great resemblence to Dykstra’s algorithm with
cyclic Bregman projections. Indeed, (15) and (18) matches (5)
in Dykstra’s algorithm, while the pre-projection processing in
(14) and (16) matches the pre-projection processing in (4)
in Dykstra’s algorithm. However, there are two peculiarities
which differentiate the Bregman projection generalization of
belief propagation from Dykstra’s algorithm with cyclic Breg-
man projections. First of all, the projection in (14) is a right
projection (BP) instead of a left projection (Dykstra). Second
of all while the projection in (16) is a left projection as usual it
is immediately followed by a right projection (17) before (5) is
calculated. This left projection followed by a right projection
identifies the algorithm as bearing some resemblance with
the alternating Bregman projections algorithm (6) and (7).
Indeed, we observe that the projection algorithm generalization
of BP appears to be a hybrid between alternating Bregman
projections and Dykstra’s algorithm with cyclic Bregman
projections.

Proof: The algorithm presented in Theorem 1 uses notation
selected to indicate the greatest affinity with Dykstra’s algo-
rithm. In the proof, it will be more notationally convenient to
work with the log probability coordinates ξn = ∇f(kn) and
ζn = ∇f(zn). Following (1), the algorithm (14) – (18) can
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Fig. 4. The probability coordinates of two sets that belief propagation is projecting between shown for the low dimensional special case of two bits.

be rewritten as

ξn = argmin
θ∈P

Df∗(θ, ζn−1 + σn−1)

= ←−π Pf∗(ζn−1 + σn−1) (19)
σn = ∇f(zn−1) + σn−1 −∇f(kn)
rn = argmin

q∈Q
Df

(
q,∇f∗(ξn + τn−1)

)
= ←−π Qf (∇f∗(ξn + τn−1)) (20)

ζn = argmin
θ∈P

Df∗

(
θ,∇f(rn)

)
=←−π Pf∗(∇f(rn))

zn = −→π P̂f (rn)
τn = ∇f(kn) + τn−1 −∇f(zn)

Here we adopt the convention that Greek letters correspond
to the log probability coordinates, while their Roman coun-
terparts designate probability coordinates, with the exception
that k is paired with ξ. To verify the theorem, consider first
the operation at the factor nodes, and introduce the marginal
probability as seen from the kth factor node, obtained by
summing away all but the ith variable xki :

r
(j)
k,i(x

k
i ) ∝

∑
xk
` :` 6=i

gk(x
k)

M∏
n= 1

m(j−1)
xn→gk(x

k
n)

If we let ξj ∈ P denote the logarithmic form of the product
density generated by the marginals r(j)

k,i(x
k
i ) (with i ≤ i ≤M

and 1 ≤ k ≤ K), then this appears as

ξj = arg min
θ∈P

Df∗(θ, ζ−1 + ρj−1) (21)

in which ζ−1 is the initial log likelihood function as in the
theorem statement, and ρj−1 ∈ P is the logarithmic form of
the product density formed from the (right-going) incoming
messages m

(j−1)
xi→gk(x

k
i ) at the K factor nodes. As ∇f∗(·)

converts back to the probability domain, this identifies

[∇f∗(ρj−1)](x
1, . . . ,xK) =

K∏
k= 1

M∏
i= 1

m(j−1)
xi→gk(x

k
i )

As m(−1)
xi→gk(x

k
i ) =

1
2 , we have the initialization ρ−1 = 0.

Comparing with (8) in which xk replaces x, we see
r

(j)
k,i(x

k
i ) ∝ m

(j)
gk→xi(x

k
i ) ·m

(j−1)
xi→gk(x

k
i ), so that the (left-going)

return messages m(j)
gk→xi(x

k
i ) from factor nodes to variable

nodes are obtained from the marginals by dividing out the
incoming messages m(j)

xi→gk(x
k
i ). In the logarithmic domain,

this is equivalent to the subtraction

λj = ξj − ρj−1

in which λj ∈ P is logarithmic form of the product distribu-
tion whose marginals are the outgoing messages m(j)

gk→xi(x
k
i ).

As ∇f∗(·) converts back to the probability domain, this
identifies

[∇f∗(λj)](x1, . . . ,xK) =

K∏
k= 1

M∏
i= 1

m(j)
gk→xi

(xki ).

Consider now the variable nodes, and introduce the belief
quantities

r
(j)
i (xi) ∝

K∏
k= 1

m(j)
gk→xi

(xki )

∣∣∣∣
x1
i =···=xK

i =xi

, i = 1, 2, . . . ,M.

The evaluations on the right-hand side are found in the
probability mass function ∇f∗(λj) in the M positions for
which the bit copies x1

i , . . . , xKi agree. Thus defining r as
proportional to the vector containing r(j)

i (xi) in positions for
which x1

i = · · · = xKi = xi and zero elsewhere, we have

r(j) = arg min
q∈Q

Df

(
q,∇f∗(λj)

)
(22)

Projecting this onto P gives a product distribution whose
marginals are these beliefs, resulting in

ζj = arg min
θ∈P

Df∗

(
θ,∇f(rj)

)
Now, from (9) the return messages m(j)

xi→gk(x
k
i ) are the beliefs

with the incoming messages divided out. In the logarithmic
domain, this appears as

ρj = ζj − λj

in which ρj ∈ P is the product distribution whose marginals
are the (right-going) messages m(j)

xi→gk(x
k
i ).

To complete the proof, it suffices to show that

ζ−1 + ρj−1 = ζj−1 + σj−1 and λj = ξj + τj−1
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ξn

!n + "n−1
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ζn−1 + σn−1

rn
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−→
π

P
f (·) ←−

π
Q
f (·)

−→
π

P
f (·)

Fig. 5. The Bregman projections interpretation of belief propagation. The
set Q is the set of expectation coordinates of probability distributions on
{x1,x2, . . . ,xk} which have each of the replicas equal with probability
one, and the set P is the set of log coordinates of product distributions. The
algorithm is best described as a hybrid between an alternating Bregman pro-
jections algorithm and a Dykstra’s algorithm with cyclic Bregman projections.

as this will identify (14) with (21) and (16) with (22),
respectively. To this end, we can combine the definitions
ρj = ζj − λj and λj = ξj − ρj−1 to yield

ρj − ρj−1 = ζj − ξj−1

λj − λj−1 = ξj − ζj−1

Now, using ρ−1 = 0, we can write the telescoping sum

(ρj−1 − ρ−1) + ζ−1 = (ρj−1 − ρj−2) + (ρj−2 − ρj−3)

+ · · ·+ (ρ0 − ρ−1) + ζ−1

= ζj−1 − ξj−2 + ζj−2 − ξj−3

+ · · ·+ ζ0 − ξ−1 + ζ−1

= ζj−1 + σj−1

since σj−1 = −ξj−2+ζj−2+σj−2 from its defining recursion.
This confirms the equivalence of (14) with (21).

In the same vein, since ρ−1 = 0 we have λ0 = ξ0−ρ−1 =
ξ0. By a second telescoping sum, we may thus write

λj = (λj − λ0) + ξ0

= (λj − λj−1) + (λj−1 − λj−2) + · · ·+ (λ1 − λ0) + ξ0

= ξj − ζj−1 + ξj−1 − ζj−2 + · · ·+ ξ1 − ζ0 + ξ0

= ξj + τj−1

since τj−1 = −ζj−1+ξj−1+τj−2 from its defining recursion.
This confirms the equivalence between (16) and (22), to
complete the proof. �

The projection iteration shown in Theorem 1 to be equiv-
alent belief propagation is depicted in Figure 5. To be more
precise, Theorem 1 introduces a general Bregman projections
algorithm, which when utilized with a particular pair of sets
and a particular initialization, is equivalent to belief propaga-
tion. Since this more general Bregman projections algorithm
could be employed with P and Q arbitrary convex sets, and
f an arbitrary strictly convex function of Legendre type, and
with an arbitrary initialization, we refer to it henceforth as the
belief propagation Bregman projections algorithm in order to
differentiate it from its belief propagation special case.
Remark:

Belief propagation is often formulated as a fast algorithm
to calculate marginal probabilities from the initial likelihood
function [2]. In the present formulation, these marginal prob-
abilities are contained in q0 if obtained from the two-step
projection

−→π P̂f
(←−π Qf (z−1)

)
(23)

in which z−1 contains the initial likelihood function, as in
Theorem 1. (The first projection retains only evaluations for
which x1 = · · · = xK , while the second marginalizes
these evaluations). Note that this two-step desired projection
is not calculated directly because (ironically) it presents a
much higher computational burden than the belief propagation
iteration, due to the fact that given any initial point (i.e., not
only those lying in P) it is computationally easier to project
first to P then Q than to project first onto Q followed by P .
The belief propagation algorithm is known to converge to this
desired projection when the factor graph is a tree or forest [2],
and thus cycle free.

Having reformulated belief propagation as a more general
projections algorithm, we now show how this offers insights
into performance and convergence behavior. As remarked
earlier, that existing convergence results for belief propagation
apply only in an (asymptotically) acyclic setting is not a
defect of belief propagation itself, as the algorithm is often
observed to converge to a solution acceptably close to a true
marginalization of the initial likelihood function. The best
explanations at present for this behavior invoke either Bethe
free energy approximations [44], or constrained likelihood
approximations [46]; see [47] for the relationship between the
two interpretations. An alternate approach [48] argues that,
asymptotic in the number of variables M to infer, a randomly
selected factor graph has arbitrarily long cycles which fail to
close themselves prior to convergence. Owing to assumptions
on how the factor graph is built, this result is limited to low
density parity check codes and some generalizations, and fails
to handle the turbo decoder, much less other applications of
loopy belief propagation. These approaches still leave many
open questions as to an exhaustive characterization of factor-
izations and models for which belief propagation converges to
a vicinity of the true marginals. It is thus of interest to examine
whether the convergence results of [43], [36], [41], developed
in the convex optimization literature, can extend to belief
propagation which inherits certain structural features as shown
in Theorem 1. By considering other Bregman projections
beyond information divergence in Theorem 1, a family of
projection algorithms is obtained, and we show in the next
section that other members of this family of algorithms are
provably convergent. The framework also enables us to obtain
new performance results for belief propagation in the section
following it.

IV. CONVERGENCE PROPERTIES OF THE BELIEF
PROPAGATION BREGMAN PROJECTIONS ALGORITHM

In this section, we investigate convergence properties of
the broader family of projections algorithms suggested by
Theorem 1 upon using arbitrary Bregman projections; belief
propagation is then a specific instance using information
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projections. We note first that by using symmetric Bregman
divergences, the distinction between right and left Bregman
projections is removed, thus effacing one of the two differ-
ences between the conventional belief propagation Bregman
projections algorithm and Dykstra’s algorithm with cyclic
Bregman projections. This special property, together with the
convergence literature for Dykstra’s algorithm with symmetric
Bregman projections, allows us to prove guaranteed conver-
gence of the general projections algorithm when it is utilized
with a symmetric Bregman divergence, as the following the-
orem shows.

Theorem 2 (Belief Propagation Symmetric Bregman Projec-
tions Algorithm Converges): Let z−1 be any initialization
and P and Q be arbitrary closed convex sets. If f induces
a twice differentiable symmetric Bregman divergence,
then the belief propagation Bregman projections iteration
(14) – (18) converges in the sense that kn and zn−1

converge to equal limits as n→∞.

Proof: Begin by recalling that the only symmetric (twice dif-
ferentiable) Bregman divergences are the Mahalanobis diver-
gences discussed in Example 2. Observe that the Mahalanobis
divergences also have the property that they are shift-invariant,
so that

Df (k,y) = Df (0,k− y) = (k− y)TA(k− y)

Finally, note that for a Mahalanobis distance generated by
f(k) we have ∇f∗(k) = 1

2A−1k and ∇f(k) = 2Ak. The
algorithm from Theorem 1 with these substitutions becomes

kn = πP̂f (zn−1 + sn−1) (24)
sn = zn−1 + sn−1 − kn (25)
rn = πQf (kn + tn−1) (26)

zn = πP̂f (rn) (27)
tn = kn + tn−1 − zn (28)

We show first that kn − zn−1 → 0 as n → ∞. As kn is the
projection of zn−1 + sn−1 onto P̂ , we have

Df (zn−1 + sn−1, r) ≥ Df (zn−1 + sn−1,xn) +Df (kn, r),

for all r ∈ P . This inequality thus applies to the particular
choice r = zn−1 ∈ P , which gives after applying shift
invariance

Df (0, sn−1) ≥ Df (0, sn) +Df (0,kn − zn−1).

Iterating this inequality and summing, we thus have

Df (0, s1) ≥ Df (0, sN+1) +

N∑
n= 1

Df (0,kn − zn−1)

As Df (0, s1) is bounded, this shows that Df (0,kn −
zn−1) → 0 as n → ∞. Finally, since Df (0,kn − zn−1) ≤
λMAX(A)‖kn − zn−1‖2, with λMAX(A) the maximum eigen-
value of A, we have that ‖kn − zn−1‖ → 0 as n→∞.

Next, we note that kn − zn−1 = kn + tn−1 − (kn−1 +
tn−2). As kn − zn−1 → 0, we thus have (kn + tn−1) −
(kn−1 + tn−2) → 0 as well. By continuity of the projector

!

!
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!
!1

Desired two-step
projection

Actual convergent
point

P

Q

Fig. 6. Illustrating cyclic projection algorithm in the Euclidean case. Dashed
line shows two-step projection, while crosses (“×”) indicate successive
projections ξn.

πQf (·), this implies that rn = πQf (kn + tn−1) converges to
a limit. Appealing again to continuity of the projector πPf (·),
this implies that zn = πPf (rn) likewise converges to a limit,
and therefore that kn converges to this same limit. �

Returning our focus to the belief propagation case, for
which f is the negative entropy and Df is not symmetric, we
observe the implication of Theorem 2 is that the lack of guar-
anteed convergence of belief propagation (i.e., its occasional
pathological dynamics) stems directly and exclusively from
the asymmetry of the divergence it utilizes. Furthermore, this
result suggests that the frequently observed good dynamics be-
havior of belief propagation stems from its similarity of form
to this provably convergent symmetric-divergence variant.

Finally, we note that convergence of an algorithm is only
half of the picture. Namely, even when convergence has been
proven, it is important to prove performance properties of the
convergent points. In this spirit, we observe in Figure 6 that
while the belief propagation Bregman projections algorithm
converges when utilized with a symmetric divergence, the
convergent point is only in the vicinity of (but not generally
equal to) the symmetric divergence analog of the “desired”
projection πPf π

Q
f . Furthermore, even if P and Q are taken to

be the sets (11)-(12) defined in regular belief propagation the
orthogonal (or even Mahalanobis) projections, πPf π

Q
f will have

little to do with the marginalization of the initial density. From
this fact we observe that while the symmetric divergence vari-
ant of the belief propagation Bregman projections algorithm
is useful in identifying the root of convergence (mis)behavior
of belief propagation, it does not constitute an alternative
approximate marginalization algorithm. For this reason, the
next section sets about using the new framework to prove
when (unmodified) belief propagation is guaranteed to give
good approximations of the marginal probabilities.

V. PERFORMANCE OF BELIEF PROPAGATION FOR CYCLIC
FACTORIZATIONS

In this section we prove that belief propagation yields
estimated marginals close to the marginals of the joint dis-
tribution for a class of factorizations other than just trees and
forests, which constitute acyclic graphs. A popular approach
[48] for justifying belief propagation in certain cyclic factor
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graphs argues that asymptotic in the number of variables to
infer, a randomly selected homogeneous factor graph with a
given pair of degree distributions has arbitrarily large girth,
such that cycles fail to “close” themselves before a finite
number of iterations. Here we consider an alternate route
which instead characterizes factorizations that are close to
acyclic in a manner independent of factor graph girth. We
then show Lipschitz continuity of the projectors involved in
belief propagation, to establish that, for all factorizations close
to acyclic, the belief propagation algorithm furnishes beliefs
that are close to the true marginals. The approach so taken
has the virtue of avoiding assumptions of a large factor graph
girth or other asymptotic approximations.

The intuition behind the result, together with its power over
approaches based only on the girth of the factor graph, is
straightforward once the context has been set up. In particular,
graph based arguments can only talk about factorizations that
are “close to acyclic” in terms of the graph structure of
the factor graph, i.e., its girth. This definition is effectively
blind to the functions that comprise the factors themselves:
it considers only the variables they depend on. On the other
hand, common sense dictates that there must be other ways
for the factorizations to be close to cycle free: for instance an
offending factor node involved in a loop may by extremely
weakly dependent on the implicated variable – this ought
not to affect the dynamics of BP too much after a bounded
number of iterations and thus should also yield answers
close to the desired marginalization. An information geometric
formulation opens up a mathematical route for this intuition: a
new definition for factorizations that are “close to cycle free”
in terms of having log coordinates which are close to the set
of log coordinates of cycle free factorizations. A summary of
the proof that belief propagation run on such a factorization
yields estimates closed to the true marginals is diagrammed in
Figure 7, and proceeds as follows:

• Consider an initialization (i.e., a factorization) ζ−1 for BP
whose log coordinates are close the set of log coordinates of
acyclic factorizations. The nearest point in the set of acyclic
factorizations (call it ζF−1) is an initialization for which BP
converges to the marginals of that intialization after a finite
number of iterations L.
• Since ζ−1 and ζF−1 are close to one another, their marginals

must, by continuity of the desired (marginalization) projec-
tion, be close to one another.
• Because belief propagation is continuous in its initialization

after a finite number of iterations, after an appropriate number
of iterations L belief propagation for the cyclic (but close
to acyclic) initialization ζL must be close to the result of
belief propagation for the nearby acyclic initialization ζFL .
But since belief propagation gives the desired projection after
L iterations for the acyclic initialization ζF−1, ζFL is just the
marginals of ζF−1. This then shows that ζL is close to the
marginals of ζF−1. But putting this together with the previous
step says that it must be close to its own marginals (by adding
the two distances which are both small via continuity of two
different projections operators).

This gives a new way to get bounded convergence from

L iterations of BP

acyclic factorings

all distributions

product
distributions

all distributionsdesired
projection

Fig. 7. The technique we use to prove a new region of factorizations for which
belief propagation gives estimates near its marginals after a finite number of
iterations.

marginals for factor graphs, and proves insensitive to graph
topology by exploiting knowledge of the factor functions.

The remainder of this section assembles and proves these
ideas formally. In particular sections V-A and V-B determine
the set of coordinates factorizations which are effectively
acyclic, while section V-C then proves continuity of the
projectors and assembles the bound relating iterates of belief
propagation to a distribution’s marginals.

A. Log Coordinates of Acyclic Factorizations

In order to express our argument in precise mathematical
terms, it is first necessary to characterize the set of factoriza-
tions, and thus initializations ζ−1, that are derived from factor
graphs that are acyclic. Of course, the form of the factorization
(10), in which the factors are treated as independent because
their arguments are no longer constrained to arise from the
same vector, yields log coordinates θ on the 2KM possible
outcomes x̄ = [x1, . . . ,xK ] that are a linear function of the
log coordinates θk for the factors gk:

θ =

K∑
k=1

Pkθk

Here the matrix Pk ∈ {0, 1}(2
MK−1)×(2M−1) has i, jth

element one if the portion of the ith possible realization of
x̄ associated with xk is equal to the jth possible realization of
xk, and zero otherwise. Thus, in order to characterize the set
of log coordinates of acyclic factorizations, it is sufficient to
characterize the log coordinates θk of each of the K factors.

The key feature of a factor graph is the independence of
each factor on some subset of the variables. Thus, of primary
interest when translating requirements on the factor graph to
requirements of the log coordinates of the factors (treated now
as functions of all of the variables) is how to check if the log
coordinates correspond to independence on a given variable.
Now, independence of a given factor gk on a variable means
that the factor must have (when treated as a function of all
of the variables) the same value for all realizations of that
variable when all of the other variables are held fixed. As such,
we can test for independence of factor gk on the variable xi by
seeing if it lies in the null space of the binary 2M−1×2M −1
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dimensional matrix Ni whose (j, l)th element is

[Ni]j,l =

 1 bl,i = 1,bl \ bl,i = w(j)
−1 bl,i = 0, bl \ bl,i = w(j)
0 otherwise

for l ∈ {1, . . . , 2M − 1} and j ∈ {1, . . . ,M}, where w(j) is
the N − 1 bit binary representation of the integer j. Stacking
all such possible matrices Ni on top of each other to get
N = [NT

1 ,N
T
2 , . . . ,N

T
M ]T , we can then translate from a

column vector ak whose ith element indicates whether or not
factor gk depends on a variable xi, into a matrix Gk which
its corresponding log coordinates must lie in (i.e. Gkθk = 0),
through the relation

Gk =
[
(1M×1 − ak)⊗ 12M−1×(2M−1)

]
�N

where ⊗ is the Kronecker product and � is the entrywise
Hadamard product. This then shows that a particular forest
factor graph corresponds to a subspace (the null space of the
associated Gk matrices) in which the log coordinates for the
factors must lie.

We recall next that the adjacency matrix of a bipartite factor
graph assumes the form

[
0 A
AT 0

]
with A ∈ {0, 1}M×K ; the

k-th column of A is the vector ak that intervenes in the
formulation of Gk. To describe the set of adjacency matrices
generated from acyclic graphs, we recall the following basic
facts from graph theory [49], [50]:
• A forest (i.e., an acyclic graph) is, by definition, the union

of a collection of disjoint trees;
• A tree is, by definition, a connected graph with one more

node than edge;
• A graph is connected if and only if the maximum

eigenvalue of its adjacency matrix is simple [49, p. 3];
• Half the trace of the square of the adjacency matrix is

the number of edges in the graph [50, p. 35].
Thus, we can algebraically describe the set of all adjacency
matrices of acyclic factor graphs with M variable nodes and
K factor nodes, as the set of matrices

[
0 A
AT 0

]
with A ∈

{0, 1}M×K such that

A = J BlockDiag(A1, . . . ,AC) (29)

where J is a permutation matrix, BlockDiag(·) returns a block
diagonal matrix whose block diagonal elements are its matrix
arguments, and where Ac is of dimension Mc×Kc such that

C∑
c=1

Mc =M,

C∑
c=1

Kc = K,λmax

[
0 Ac

AT
c 0

]
simple

Mc +Kc − 1 =
1

2
tr

([
0 Ac

AT
c 0

]2
)

(30)

Here tr and λmax denote the trace and maximum eigenvalue
of their matrix argument. To summarize, then, we have shown
that the log coordinates [θ1, . . . ,θK ] of all acyclic factoriza-
tions may be written as the union over adjacency matrices
given by (29) of vector subspaces which lie the null space of
the associated matrices diag [G1, . . . ,Gk].

B. Log Coordinates of Effectively Acyclic Factors

Although the previous discussion checks for all acyclic
factorizations with K factor nodes and M variable nodes, it
cannot detect those factorizations for which a single factor
node gk(x

k) contains several collections of different vari-
ables which are independent under gk, which thus factors as
gk(x

k) = gk,1(x
k
1) gk,2(x

k
2) with xk1 and xk2 disjoint subsets

of xk. Hence, it is important to describe the log coordinates
of effectively acyclic factorizations which, via splitting factor
nodes into independent parts, may be transformed into an
acyclic factor graph. Such effectively acyclic factorizations,
too, will benefit from proven convergence of belief propagation
to the true marginals. This happens because a factor node
gk(x

k) which factors into gk(x
k) = gk,1(x

k
1)gk,2(x

k
2), with

xk1 and xk2 nonintersecting subsets of xk, calculates messages
in the same manner as two separate factor nodes gk,1(xk1) and
gk,2(x

k
2).

We begin with the log coordinates of K factors involving
a total of M variables. In determining whether or not the
log coordinates lie in the set of log coordinates of effectively
acyclic factorizations, we wish to determine if the K factors
can be broken up into K ′ new factors for which the new factor
graph is acyclic. Equivalently, we seek K positive integers
Jk, k ∈ {1, . . . ,K} such that

K ′ =

K∑
k=1

Jk

with each factor gk associated with Jk new factors,
gk,1, . . . , gk,Jk . The vector indicating which of the M vari-
ables gk,j depends on is ak,j ∈ {0, 1}M×1, and because the
factors are to be independent we must have

aTk,j ak,j′ = 0, ∀j 6= j′ ∈ {1, . . . , Jk} (31)

Furthermore, because

gk(x
k) =

Jk∏
j=1

gk,j(x
k)

the log coordinates of gk, denoted again by θk, must be the
sum of the log coordinates of the gk,js, denoted by θk,j :

θk =

Jk∑
j=1

θk,j

Also, we know that the independence requirements on θk,j
dictate that it lies in the null space of the matrix

Gk,j =
[
(1M×1 − ak,j)⊗ 12M−1×(2M−1)

]
�N

Denoting a basis for this null space by Fk,j , we see that we
can detect such a refactorization of a given factor node by
checking to see if it lies in the span of the columns of the
matrix

Fk := [Fk,1,Fk,2, . . . ,Fk,Jk ]

Using ideas from the previous section, such a refactorization
will correspond to a forest if the new adjacency matrix

A := [a1,1,a1,2, . . . ,a1,J1 , . . . ,aK,1, . . . ,aK,JK ]
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with dimensions M ×K ′ can be represented as

A = J BlockDiag(A1, . . . ,AC)

where Ac is of dimension Mc×Kc such that the conditions in
(30) hold. This is the same definition as the set of forest fac-
torizations with dimensions M×K ′ from the previous section,
with the new requirement, however, that (31) holds. Thus, the
set of log coordinates of effectively acyclic factorizations is
also a union (over A matrices) of vector subspaces which we
have explicitly described here. We will refer to this set as F
from here on.

C. A New Region of Good Behavior for Belief Propagation

We now use the characterization of the log coordinates of
all acyclic factorizations for a particular problem dimension
(M,K) to derive a new collection of cyclic factorizations for
which belief propagation can be proven to exhibit good be-
havior. To do so, we will need the following basic proposition.

Prop. 1: The vector of messages ζL passed by be-
lief propagation after L iterations is uniformly Lips-
chitz continuous in the initialization ζ−1 with Lips-
chitz constant CL, and the desired marginal projection
∇f

(−→π P̂f (←−π Qf (∇f∗(ζ−1))
))

from (23) is also uniformly
Lipschitz continuous in ζ−1 with Lipschitz constant γ.

The proof of this proposition is provided in appendix A,
along with bounds on the Lipschitz constants. This proposition
allows us to prove the following theorem.

Theorem 3: The set of factorization initializations ζ−1

for which belief propagation provides estimates within
Euclidean distance ε of their true marginals after a finite
number of iterations includes the union over all points ζF−1

in the set of log coordinates of effectively acyclic factor-
izations of balls of initializations ζ−1 no further than ε

CL+γ
in Euclidean distance from the set of log coordinates
of effectively acyclic factorizations F described in the
previous section, where the tree width of the effectively
acyclic factorization ζF−1 is denoted by L.

The formal proof is provided in appendix B. This establishes
a new region of good behavior for belief propagation, created
by “fattening” the set of effectively acyclic factorizations from
the union of a finite collection of hyperplanes, which has zero
Lebesgue measure, to a set of larger Lebesgue measure that is
a collection of balls centered at points in these hyperplanes.
The result is expected to have practical utility in applications of
belief propagation to graphs of small or moderate girth, such as
those associated with turbo codes, but nevertheless have been
empirically observed to provide estimates with performance
near their exact marginals after a finite number of iterations.

VI. EXTENSION TO EXPECTATION PROPAGATION

Although belief propagation has proved widely applicable,
its extension to continuous random variables can encounter
various difficulties, save for the Gaussian case. Expectation

propagation [51], [52], [37] represents an extension of the
message-passing iterative behavior of belief propagation to
random variables described by exponential families of densi-
ties [53], [54], and indeed reduces to belief propagation when
applied to Gaussian densities.

The algorithm description shares many affinities with belief
propagation, except that the vector x now contains continuous
variables to infer. It begins again with a factored likelihood
function

g(x) =

K∏
k= 1

gk(x)

in which each factor on the right-hand side will depend usually
only on a subset of the variables contained in x. Expectation
propagation attempts to approximate the likelihood function
g(x) as the product of exponential family densities, according
to

g(x) ≈
K∏
k= 1

hλk
(x)

in which each factor hλk
(x) is an exponential density [54],

[53] of the form

hλk
(x) = exp[λTk tk(x)− ψ(λk)], with

ψ(λk) = log

(∫
exp[λTk tk(x)] dx

)
.

Here the vector tk(x) contains the sufficient statistics, which
determine the type of exponential family random variable to
be used (Gaussian, beta, chi-squared, Bernoulli, Poisson, etc.),
while the the parameters λk select a particular distribution
(taking on the role of the mean and variance, for instance, in
the case of Gaussian random variables). The factors hλk

are
each refined according to the minimization problem

hλi
(x) = argmin

λi

Df (vi, q)

in which Df is the continuous analogue of the Kullback-
Leibler divergence [40]:

Df (vi, q) =

∫
vi(x) log

vi(x)

q(x)
dx

This is simply the Bregman divergence induced by choosing
f as negative differential entropy:

f(q) =

∫
q(x) log[q(x)] dx

For expectation propagation, the arguments to the Kullback-
Leibler divergence assume the functional forms

vi(x) = α gi(x)
∏
k 6= i

hλk
(x)

q(x) = β
∏
k

hλk
(x)

where the constants α and β ensure that the densities integrate
to one. The solution for hλi

(x) is again an information
projection, and is characterized by the expectation equality∫

ti(x) q(x) dx =

∫
ti(x) vi(x) dx.
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Repeating this projection in succession for each factor gives
rise to a message passing algorithm [52], [51], [37] analogous
to that for belief propagation.

As with the belief propagation case, consider K copies
of the continuous variables x, denoted as x1, . . . , xK , with
extended likelihood function

g(x1, . . . ,xK) =

K∏
k= 1

gk(x
k)

so that the original likelihood function is obtained by con-
straining x1 = x2 = · · · = xK .

Let D now denote the set of integrable (with respect to
Lebesgue measure) probability density functions. We denote
byQ the convex set of probability density functions that vanish
almost surely whenever the K copies differ:

Q =
{
q ∈ D : q(x1, . . . ,xM ) = 0 if xi 6= xj for any i 6= j

}
Similarly, we denote by P ∈ D∗ the convex subset dual to the
set of exponential product distributions:

P =
{
θ ∈ D∗ : q(x1, . . . ,xM ) = exp[λT t̂(x)− ψ(λ)]

}
with separable t̂(x) = [t1(x

1), . . . , tK(xK)].

Theorem 4: With these redefinitions, the expectation
propagation algorithm admits the same cyclic projection
description as in Theorem 1.

A detailed proof is developed in [16]. The relevance is
that the information geometric properties of the projection
algorithm of Theorem 1 extend to a much broader family of es-
timation algorithms, since expectation propagation can handle
more complex dependence structures than belief propagation
and approximations of continuous random variables through
explicit use of exponential families.

VII. CONCLUSIONS AND EXTENSIONS

The information geometric framework pursued here es-
tablishes belief propagation as a hybrid between Dykstra’s
algorithm with cyclic Bregman projections and alternating
Bregman projections. The key feature of our framework, when
contrasted with previous information geometric developments
of belief propagation, is that extrinsic information extraction is
accommodated within the context of the projection algorithm
itself, thanks to the connection with Dykstra’s algorithm.
While this avoids the “projection on moving sets” pitfall
that has encumbered earlier approaches, it more importantly
allows us to show that the projection algorithm underlying
belief propagation is convergent whenever symmetric Bregman
divergences are substituted; this confirms that the convergence
problems with belief propagation are to be attributed to
asymmetry of the KL divergence.

In practice, of course, the ubiquitous belief propagation
algorithm cannot be algorithmically removed from its infor-
mation projection origins, and thus conditions under which
the standard algorithm is guaranteed to behave well remain of
interest. The projection approach pursued here, accordingly,
reveals a new region of factorizations, independent of factor

graph girth, for which belief propagation provides estimates
close to the true marginals after a finite number of iterations.
Finally, we showed that the projections algorithm interpre-
tation is easily extended to expectation propagation. Future
work should explore providing convergence conditions for
unmodified belief propagation by bounding its difference from
its “symmetrized” version. Additionally, future work should
take popular applications of the belief propagation decoder,
such as to turbo codes with intermediate block lengths, and
verify if the associated factorization lies with high probability
within the set of good behavior exposed here.
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APPENDIX A
PROOF OF UNIFORM LIPSCHITZ CONTINUITY

A. Lipschitz Continuity of Desired Marginal Projection and
Associated Lipschitz Constant

In this section we show that the log coordinates of the de-
sired marginal projection ∇f

(−→π P̂f (←−π Qf (∇f∗(ζ−1))
))

are
Lipschitz continuous in their argument ζ−1, providing a bound
for the Lipschitz constant for the 2-norm ‖·‖2. Begin by noting
that if we let θa represent a 2M dimensional vector with 0 in
its first position and the remaining 2M − 1 positions as the
2M − 1 dimensional log coordinates of the factor gk(x), then
the result of the desired projection can be written as

P
[
(Bλ)T , (Bλ)T , . . . , (Bλ)T

]T
, where (32)

λ = log

(
BT exp(

∑
a

θa)

)
− log

(
(1−B)T exp(

∑
a

θa)

)
Furthermore, if we represent the result in terms of the
K log coordinates of each of the subvectors xk, then the
function is equal to

[
(Bλ)T , (Bλ)T , , . . . , (Bλ)T

]T
. This

shows that it suffices to show Lipschitz continuity of Bλ
with λ given by (32). since the Lipschitz constant for[
(Bλ)T , (Bλ)T , , . . . , (Bλ)T

]T
is just K times it. The Ja-

cobian matrix of the function in the square brackets in (32)
with respect to any one of the k factor’s log coordinates θk
has (i, j)th element which may be interpreted in terms of
conditional probabilities from the probability mass function
whose log coordinates are θ =

∑
a θa, treated as a probability

on a random binary N vector x with ith element xi as

[H]i,j :=

{
Pr[x = bj |xi = 1] [bj ]1 = 1
−Pr[x = bj |xi = 0] [bj ]1 = 0

(33)

From this, then, we can write the Jacobian matrix for Bλ
given by (32) regarded as a function of all K factors as
[BH,BH, . . . ,BH], where there are exactly K copies of
BH. Because the desired projection map forms K copies of
this result (one for each copy xk of the original vector of
variables) the Jacobian matrix for the overall desired projection
map is then formed by stacking K copies of the Jacobian
matrix for (32). The uniform Lipschitz constant for the 2-
norm ‖ · ‖2 is then given by square root of the maximum
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spectral radius of this Jacobian matrix over all points in the
log coordinates space. Noting that by definition (33) the rows
in the matrix H must have elements in [−1, 1] which sum over
the entire row to 0, and over the positions for which the ith
bit is one to 1, and over the positions for which the ith bit is
zero to −1. Letting these be the only constraints (which can
only increase the maximum, thus still yielding an appropriate
Lipschitz constant), we then choose the Lipschitz constant to
be the solution to the quadratic optimization problem

γ =
√
K3 max

H∈H
ρmax (HTBTBH)

H :=
{
H|hTi bi = 1,hTi (1− bi) = −1,−1 ≤ hi ≤ 1,∀i

}
where ρmax is the maximal eigenvalue of the matrix ar-
gument. Here the factor K3 comes from the fact that the
Jacobian matrix was a block matrix with K2 copies of the
same matrix BH as its block elements. Next, noting that
BTB = 2M−2(IM + 1M1TM ), we can write the Lipschitz
constant as

γ =
√
K32M−2 max

H∈H
max

v|‖v‖2=1
vT
(
HTH + HT1M1TMH

)
v

If we set w = Hv, then

vT
(
HTH + HT1M1TMH

)
v =

M∑
i=1

w2
i +

(
M∑
i=1

wi

)2

.

As H is composed of conditional probabilities, it is easily
shown that −1 ≤ wi ≤ 1 for each i, and that a “maximizing”
configuration of wi = 1 for each i (respectively, wi = −1
for each i) can be attained for certain choices of H. The
conditional probability would put all its mass on b2M−1 or
b0, respectively, and v would be chosen as the last or first
unit vector. For such a configuration,

ρmax =

M∑
i=1

w2
i +

(
M∑
i=1

wi

)2

=M +M2

As this represents the largest attainable ρmax, we thus have

γ ≤
√
K32M−2(M +M2).

B. Lipschitz Constant For Lth BP Iteration

In this section we consider the Lipschitz constant which
reflects a bound on the change in ζL due to a change in the
initialization ζ−1. This is easily related to the calculation in
the previous section of a Lipschitz constant for the desired
marginalization projection by rewriting the belief propagation
iteration in the new variables αn = ζn+σn−ζ−1 for n ≥ −1,
and βn = ξn + τn−1 as

βn = ←−π Pf∗(ζ−1 +αn−1)−αn−1

αn = ←−π Pf∗
(
∇f

(←−π Qf (∇f∗(βn))
))
− βn

Recognizing ζn = αn + βn for n ≥ 0, and recalling the
triangle inequality for norms, it is clear that we may add
the Lipschitz constant for αn and βn from ζ−1 to get a
bound on the Lipschitz constant for ζn. Furthermore, the
second equation (34) is easily recognized as directly related

to the desired projection, for which we have already obtained
a bound on the Lipschitz constant in the previous section. In
fact, because it only subtracts β from the desired projection of
β, treated as a function of βn, it has a Lipschitz constant less
than or equal to γ + 1. If the projection ←−π Pf∗ has a Lipschitz
constant of φ, then by repeated application of the Lipschitz
bounds, we have a Lipschitz constant for ζL in terms of ζ−1

as (γ+1)L+1φL+1+(γ+1)LφL+1. It thus remains to obtain (a
bound for) the Lipschitz constant φ. But this is just a Lipschitz
constant for the projection ←−π Pf∗ , which we also obtained in
the previous section when we calculated the Lipschitz constant
for
[
(Bλ)T , (Bλ)T , . . . , (Bλ)T

]T
with respect to only one of

the K factors, giving φ =
√
K22M−2(M +M2). This gives

us a total Lipschitz constant of

CL ≤ (γ + 1)L+1φL+1 + (γ + 1)LφL+1, with

φ =
√
K22M−2(M +M2)

APPENDIX B
PROOF OF THEOREM 3

Consider the log coordinates of the factorization (yielding
an initialization ζ−1 in our projections interpretation) to which
belief propagation is to be applied. Let ζF−1 be the Euclidean
projection of ζ−1 onto the set of log coordinates associated
with effectively acyclic factorizations, and let the associated
minimum Euclidean distance be d and the tree width of the
factor graph associated with ζF−1 be L. Then by the Triangle
inequality

‖ζL −←−π Pf∗(∇f(←−π Qf (∇f∗(ζ−1))))‖2 ≤
‖ζL − ζFL ‖2 + ‖ζFL −←−π Pf∗(∇f(←−π Qf (∇f∗(ζ−1))))‖2

and by Lipshitz continuity this is bounded as

‖ζL −←−π Pf∗(∇f(←−π Qf (∇f∗(ζ−1))))‖2 ≤
CL‖ζ−1 − ζF−1‖2 + γ‖ζ−1 − ζF−1‖2 = (CL + γ)d

This shows that the ball of points ζ−1 no more than d =
ε

CL+γ away from ζF−1 in Euclidean norm gives initializations
for which belief propagation yields estimates within Euclidean
distance ε of their true marginals after L iterations.
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