
Graphical Models and Independence Models

Yunshu Liu

ASPITRG Research Group

2014-03-04



References:
[1]. Steffen Lauritzen, Graphical Models, Oxford University
Press, 1996
[2]. Christopher M. Bishop, Pattern Recognition and Machine
Learning, Springer-Verlag New York, Inc. 2006
[3]. Kevin P. Murphy, Machine Learning - A Probabilistic
Perspective, The MIT Press, 2012
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Preliminaries on Graphical Models

Definition of Graphical Models:
A graphical model is a probabilistic model for which a graph
denotes the conditional dependence structure between random
variables.

Example:
Suppose MIT and
Stanford accepted
undergraduate
students only
based on GPA

MIT : Accepted by MIT

Stanford : Accepted by Stanford

GPA

MIT

Stanford

Given Alice’s GPA as GPAAlice,

P(MIT |Stanford, GPAAlice) = P(MIT |GPAAlice)

We say MIT is conditionally independent of Stanford given GPAAlice

Sometimes use symbol (MIT⊥Stanford|GPAAlice)



Bayesian networks: directed graphical model

Bayesian networks
A Bayesian network consists of a collection of probability
distributions P over x = {x1, · · · , xK} that factorize over a
directed acyclic graph(DAG) in the following way:

p(x) = p(x1, · · · , xK ) =
∏

k∈K

p(xk |pak )

where pak is the direct parents nodes of xk .

Alias of Bayesian networks:

I probabilistic directed graphical model: via directed acyclic
graph(DAG)

I belief networks
I causal networks: directed arrows represent causal

realtions



Bayesian networks: directed graphical model

Examples of Bayesian networks
Consider an arbitrary joint distribution p(x) = p(x1, x2, x3) over
three variables, we can write:

p(x1, x2, x3) = p(x3|x1, x2)p(x1, x2)

= p(x3|x1, x2)p(x2|x1)p(x1)

which can be expressed in the following directed graph:

x1

x2x3



Bayesian networks: directed graphical model
Examples
Similarly, if we change the order of x1, x2 and x3(same as
consider all permutations of them), we can express p(x1, x2, x3)
in five other different ways, for example:

p(x1, x2, x3) = p(x1|x2, x3)p(x2, x3)

= p(x1|x2, x3)p(x2|x3)p(x3)

which corresponding to the following directed graph:

x1

x2x3



Bayesian networks: directed graphical model
Examples
Recall the previous example about how MIT and Stanford
accept undergraduate students, if we assign x1 to ”GPA”, x2 to
”accepted by MIT” and x3 to ”accepted by Stanford”, then since
p(x3|x1, x2) = p(x3|x1) we have

p(x1, x2, x3) = p(x3|x1, x2)p(x2|x1)p(x1)

= p(x3|x1)p(x2|x1)p(x1)

which corresponding to the following directed graph:

x1

x2x3 MITStanford

GPA



Markov random fields: undirected graphical model

In the undirected case, the probability distribution factorizes
according to functions defined on the clique of the graph.
A clique is a subset of nodes in a graph such that there exist a
link between all pairs of nodes in the subset.
A maximal clique is a clique such that it is not possible to
include any other nodes from the graph in the set without it
ceasing to be a clique.

Example of cliques:
{x1,x2},{x2,x3},{x3,x4},{x2,x4},{x1,x3},
{x1,x2,x3}, {x2,x3,x4}
Maximal cliques:
{x1,x2,x3}, {x2,x3,x4}

8.3. Markov Random Fields 385

Figure 8.28 For an undirected graph, the Markov blanket of a node
xi consists of the set of neighbouring nodes. It has the
property that the conditional distribution of xi, conditioned
on all the remaining variables in the graph, is dependent
only on the variables in the Markov blanket.

If we consider two nodes xi and xj that are not connected by a link, then these
variables must be conditionally independent given all other nodes in the graph. This
follows from the fact that there is no direct path between the two nodes, and all other
paths pass through nodes that are observed, and hence those paths are blocked. This
conditional independence property can be expressed as

p(xi, xj |x\{i,j}) = p(xi|x\{i,j})p(xj |x\{i,j}) (8.38)

where x\{i,j} denotes the set x of all variables with xi and xj removed. The factor-
ization of the joint distribution must therefore be such that xi and xj do not appear
in the same factor in order for the conditional independence property to hold for all
possible distributions belonging to the graph.

This leads us to consider a graphical concept called a clique, which is defined
as a subset of the nodes in a graph such that there exists a link between all pairs of
nodes in the subset. In other words, the set of nodes in a clique is fully connected.
Furthermore, a maximal clique is a clique such that it is not possible to include any
other nodes from the graph in the set without it ceasing to be a clique. These concepts
are illustrated by the undirected graph over four variables shown in Figure 8.29. This
graph has five cliques of two nodes given by {x1, x2}, {x2, x3}, {x3, x4}, {x4, x2},
and {x1, x3}, as well as two maximal cliques given by {x1, x2, x3} and {x2, x3, x4}.
The set {x1, x2, x3, x4} is not a clique because of the missing link from x1 to x4.

We can therefore define the factors in the decomposition of the joint distribution
to be functions of the variables in the cliques. In fact, we can consider functions
of the maximal cliques, without loss of generality, because other cliques must be
subsets of maximal cliques. Thus, if {x1, x2, x3} is a maximal clique and we define
an arbitrary function over this clique, then including another factor defined over a
subset of these variables would be redundant.

Let us denote a clique by C and the set of variables in that clique by xC . Then

Figure 8.29 A four-node undirected graph showing a clique (outlined in
green) and a maximal clique (outlined in blue). x1

x2

x3

x4



Markov random fields: undirected graphical model

Markov random fields: Definition
Denote C as a clique, xC the set of variables in clique C and
ψC(xC) a nonnegative potential function associated with clique
C. Then a Markov random field is a collection of distributions
that factorize as a product of potential functions ψC(xC) over
the maximal cliques of the graph:

p(x) =
1
Z

∏

C

ψC(xC)

where normalization constant Z =
∑

x
∏

C ψC(xC) sometimes
called the partition function.



Markov random fields: undirected graphical model

Factorization of undirected graphs
Question: how to write the joint distribution for this undirected
graph?

x1

x2x3

(2 ⊥ 3|1) hold

Answer:

p(x) =
1
Z
ψ12(x1, x2)ψ13(x1, x3)

where ψ12(x1, x2) and ψ13(x1, x3) are the potential functions
and Z is the partition function that make sure p(x) satisfy the
conditions to be a probability distribution.



Markov random fields: undirected graphical model
Markov property
Given an undirected graph G = (V,E), a set of random variables
X = (Xa)a∈V indexed by V , we have the following Markov
properties:

I Pairwise Markov property: Any two non-adjacent
variables are conditionally independent given all other
variables: Xa ⊥ Xb|XV\{a,b} if {a,b} 6∈ E

I Local Markov property: A variable is conditionally
independent of all other variables given its neighbors:
Xa ⊥ XV\{nb(a)∪a}|Xnb(a)
where nb(a) is the neighbors of node a.

I Global Markov property: Any two subsets of variables
are conditionally independent given a separating subset:
XA ⊥ XB|XS, where every path from a node in A to a
node in B passes through S(means when we remove all
the nodes in S, there are no paths connecting any nodes in
A to any nodes in B).



Markov random fields: undirected graphical model

Examples of Markov properties
Pairwise Markov property: (1 ⊥ 7|23456), (3 ⊥ 4|12567)
Local Markov property: (1 ⊥ 4567|23), (4 ⊥ 13|2567)
Global Markov property: (1 ⊥ 67|345), (12 ⊥ 67|345)

662 Chapter 19. Undirected graphical models (Markov random fields)

X1 X2 X3 X4 X5

X6 X7 X8 X9 X10

X11 X12 X13 X14 X15

X16 X17 X18 X19 X20

(a)

X1 X2 X3 X4 X5

X6 X7 X8 X9 X10

X11 X12 X13 X14 X15

X16 X17 X18 X19 X20

(b)

Figure 19.1 (a) A 2d lattice represented as a DAG. The dotted red node X8 is independent of all other
nodes (black) given its Markov blanket, which include its parents (blue), children (green) and co-parents
(orange). (b) The same model represented as a UGM. The red node X8 is independent of the other black
nodes given its neighbors (blue nodes).

1

2

3

5

4

6

7

(a)

1

2

3

5

4

6

7

(b)

Figure 19.2 (a) A DGM. (b) Its moralized version, represented as a UGM.

The set of nodes that renders a node t conditionally independent of all the other nodes in
the graph is called t’s Markov blanket; we will denote this by mb(t). Formally, the Markov
blanket satisfies the following property:

t ! V \ cl(t)|mb(t) (19.1)

where cl(t) ! mb(t) " {t} is the closure of node t. One can show that, in a UGM, a node’s
Markov blanket is its set of immediate neighbors. This is called the undirected local Markov
property. For example, in Figure 19.2(b), we have mb(5) = {2, 3, 4, 6}.

From the local Markov property, we can easily see that two nodes are conditionally indepen-
dent given the rest if there is no direct edge between them. This is called the pairwise Markov
property. In symbols, this is written as

s ! t|V \ {s, t} #$ Gst = 0 (19.2)

Using the three Markov properties we have discussed, we can derive the following CI properties
(amongst others) from the UGM in Figure 19.2(b):

• Pairwise 1 ! 7|rest
• Local 1 ! rest|2, 3



Markov random fields: undirected graphical model

Relationship between different Markov properties and
factorization property
( F ): Factorization property; ( G ): Global Markov property;
( L ): Local Markov property; ( P ):Pairwise Markov property

(F )⇒ (G)⇒ (L)⇒ (P)

if assuming strictly positive p(·)

(P)⇒ (F )

which give us the Hammersley-Clifford theorem.



Markov random fields: undirected graphical model

The Hammersley-Clifford theorem(see Koller and
Friedman 2009, p131 for proof)
Consider graph G, for strictly positive p(·), the following Markov
property and Factorization property are equivalent:
Markov property: Any two subsets of variables are conditionally
independent given a separating subset (XA,XB|XS) where
every path from a node in A to a node in B passes through S.
Factorization property: The distribution p factorizes according
to G if it can be expressed as a product of potential functions
over maximal cliques.



Markov random fields: undirected graphical model

Example: Gaussian Markov random fields
A multivariate normal distribution forms a Markov random field
w.r.t. a graph G = (V ,E) if the missing edges correspond to
zeros on the concentration matrix(the inverse convariance
matrix)
Consider x = {x1, · · · , xK} ∼ N (0,Σ) with Σ regular and
K = Σ−1. The concentration matrix of the conditional
distribution of (xi , xj) given x\{i,j} is

K{i,j} =

(
kii kij
kji kjj

)

Hence
xi ⊥ xj |x\ij ⇔ kij = 0⇔ {i , j} 6∈ E



Markov random fields: undirected graphical model

Example: Gaussian Markov random fields
The joint distribution of gaussian markov random fields can be
factorizes as:

log p(x) = const − 1
2

∑

i

kiix2
i −

∑

{i,j}∈E

kijxixj

The zero entries in K are called structural zeros since they
represent the absent edges in the undirected graph.
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Gaussian Distributional framework

The multivariate Guassian
(Definition from Lauritzen)A d-dimensional random vector
X = (X1, · · · ,Xd ) has a multivariate Gaussian distribution on
Rd if there is a vector ξ ∈ Rd and a d × d matrix Σ such that

λT X ∼ N (λT ξ, λT Σλ) for all λ ∈ Rd (1)

We write X ∼ Nd (ξ,Σ), ξ is the mean vector and Σ the
covariance matrix of the distribution.
The validation of the definition requires that λT Σλ > 0, i.e. if Σ
is a positive semidefinite matrix.



Gaussian Distributional framework

Regular Guassian distribution
If furthermore, Σ is positive definite, i.e. if λT Σλ > 0 for λ 6= 0,
the distribution is called regular Guassian distribution and has a
density

f (x |ξ,Σ) = (2π)−
d
2 (det K )

1
2 exp(−(x − ξ)T K (x − ξ)

2
) (2)

where K = Σ−1 is the concentration matrix or precision matrix
of the distribution.
Note: a positive semidefinite matrix is positive definite if and
only if it is invertible, we also call Σ a regular matrix.



Gaussian Distributional framework

Properties of Gaussian distribution
Given a matrix Σ = (σa·b)a,b∈{1,··· ,d} and A, B non-empty
subsets of {1, · · · ,d}, we denote the submatrix with A-rows
and B-columns be

ΣA·B = (σa·b)a∈A,b∈B

Now let A be a subset of {1, · · · ,d}, then the marginal
distribution ξA is also Gaussian distribution with variance matrix
ΣA·A.



Gaussian Distributional framework

Properties of Gaussian distribution
Let us partition {1, · · · ,d} into A and B such that
A
⋃

B = {1, · · · ,d} and A
⋂

B = ∅, the conditional distribution
of ξA given ξB = xB is a Gaussian distribution with the variance
matrix

ΣA|B = ΣA·A − ΣA·BΣ−B·BΣB·A

where Σ−B·B is any generalized inverse of ΣB·B, which equals to
Σ−1

B·B if ΣB·B is regular.



Gaussian Distributional framework

Properties of Gaussian distribution
Now assume ΣB·B is regular, since

(
ΣA·A ΣA·B
ΣB·A ΣB·B

)−1

=

(
KA·A KA·B
KB·A KB·B

)

we have

K−1
A·A = ΣA·A − ΣA·BΣ−1

B·BΣB·A (3)

K−1
A·AKA·B = −ΣA·BΣ−1

B·B (4)

Thus
ΣA|B = K−1

A·A



Gaussian Distributional framework

Properties of Gaussian distribution
Let A and B be a non-trivial partition of {1, · · · ,d}, we have

ξA|B = ξA − K−1
A·AKA·B(xB − ξB) (5)

= ξA + ΣA·BΣ−1
B·B(xB − ξB)

KA|B = KA·A (6)

Thus XA and XB are independent if and only if KA·B = 0, giving
KA·B = 0 if and only if ΣA·B = 0.



Gaussian Distributional framework

Properties of Gaussian distribution
Let a and b be distinct elements of {1, · · · ,d} and
C ⊆ {1, · · · ,d}\ab, if ΣC·C > 0, then the random variables ξa
and ξb are independent given ξC if and only if det(ΣaC·Cb) = 0
which is proved by

det ΣaC·bC = 0⇔ σa·b − Σa·CΣ−1
C·CΣC·b

⇔ (Σab·ab|C)a·b = 0⇔ ξa ⊥ ξb|ξC



Gaussian Distributional framework

Independence models
Let D = {1,2, · · · ,d} be a finite set and TD denotes the set of
all pairs 〈ab|C〉 such that ab is an (unordered) couple of distinct
emements of D and C ⊆ D\ab.
Subsets of TD will be referred here as formal independence
models over D. The independence model I(ξ) induced by a
random vector ξ = ξ1, · · · , ξd is the independence model over D
defined as follows:

I(ξ) = {〈ab|C〉 ; ξa ⊥ ξb|ξC}

An independence model I is said to be generally/regularly
Gaussian representable if there exists a general/regular
Gaussian distribution ξ such that I = I(ξ).



Gaussian Distributional framework
Independence models: diagram
Visualisation of independence model I over D such that |D| 6 4:
Each element of D is plotted as a dot.
If 〈ab|∅〉 ∈ I then a and b are joined by a line;
If 〈ab|c〉 ∈ I then we put a line between dots corresponding to a
and b and add small line in the middle pointing in c-direction;
If both 〈ab|c〉 ∈ I and 〈ab|d〉 ∈ I are elements of I, then only
one line with two small lines in the middle is plotted;
If 〈ab|cd〉 ∈ I then a brace between a and b are added.

4 P. ŠIMEČEK

2.3 Independence models

Let N = {1, 2, . . . , n} be a finite set and TN denotes the set of all pairs !ab|C"
such that ab is an (unordered) couple of distinct elements of N and C # N \ab.

Subsets of TN will be referred here as formal independence models over
N . The independence model I(!) induced by a random vector ! = (!1, . . . , !n)
is the independence model over {1, 2, . . . , n} defined as follows

I(!) = {!xy|Z"; !x$$!y|!Z} .

Let us emphasize that an independence model I(!) uniquely determines also all
other conditional independencies among subvectors of ! (cf. [3]).

Diagrams proposed by R. Lněnička will be used here for a visualisation of
independence model I over N such that |N | % 4. Each element of N is plotted
as a dot. If !ab|&" ' I then dots corresponding to a and b are joined by a line.
If !ab|c" ' I then we put a line between dots corresponding to a and b and add
small line in the middle pointing in c–direction. If both !ab|c" and !ab|d" are
elements of I, then only one line with two small lines in the middle is plotted.
Finally, if !ab|cd" ' I is visualised by a brace between a and b. See example in
Figure 1.

21

34 {

Figure 1: Diagram of the independence model I =
!
!12|&", !23|1", !23|4",

!34|12", !14|&", !14|2"
"
.

Two independence models I and J over N are isomorphic if there exists a
permutation " on N such that

!xy|Z" ' I ( !"(x)"(y)|"(Z)" ' J,

where "(Z) stands for {"(z); z ' Z}. See Figure 2 for an example of three
isomorphic models.

An equivalence class of independence models with respect to the isomorphic
relation will be referred as type.

If I is an independence model over N = {1, . . . , n} and E,F are disjoint

subsets of N then let us define the minor I [
F
E as an independence model over

N \ EF

I [
F
E = {!ab|C"; E ) (abC) = &, !ab|CF " ' I} .

Diagram of independence model
I = {�12|∅� , �23|1� , �23|4� ,
�34|12� , �14|∅� , �14|2�}



Gaussian Distributional framework
Independence models:permutation
Two independence models I and J over D are
isomorphic/permutably equivalent if there exist a
permutation π of D such that

〈ab|C〉 ∈ I ⇔ 〈π(a)π(b)|π(C)〉 ∈ J

where π(Z ) stands for {π(z); z ∈ Z}.

Example of three isomorphic models
Independence Models 5

Figure 2: Example of three isomorphic models.

Note that I [
!
! = I and (I [

F1

E1
) [

F2

E2
= I [

F1F2

E1E2
.

An independence model I is said to be Gaussian (g–), regular Gaussian
(g+–), discrete (d–) and/or positive discrete (d+–) representable if there exists
a random vector ! such that it is Gaussian, regular Gaussian, discrete or positive
discrete, respectively, and I = I(!).

It is easy to see that models of the same type are either all representable or
none of them is representable. Consequently, we can classify the entire type as
representable or non-representable.

Lemma 3. Let a, b, c be distinct elements of N = {1, . . . , n} and D ! N \ abc.
If an independence models I over N is either discrete or Gaussian representable,
then !

{"ab|cD#, "ac|D#} ! I
"

$%
!
{"ac|bD#, "ab|D#} ! I

"
.

Moreover, if I is positively discrete or regular Gaussian representable, then
!
{"ab|cD#, "ac|bD#} ! I

"
=%

!
{"ab|D#, "ac|D#} ! I

"
.

Proof. These are so called “semigraphoid” and “graphoid” properties, cf. [1] or
[16] for more details.

In the discrete distributional framework, the intersection of representable
models is also representable (cf. [18], pp. 5., for proof):

Lemma 4. If I = I(!) and I" = I(!") are d–representable, then I & I" is
also d–representable. In particular, if they are d+–representable then I & I" is
d+–representable, too.

Lemmas 1 and 4 follows that if I is an independence model representable in
any of the above mentioned sense, then all its minors I [

F
E are also representable

in the same sense; i.e. the classes of g–/g+–/d–/d+–representable models are
closed with respect to the operation of minorization1.

Another useful result exists for g+–representability (cf. [2] for proof):

Lemma 5. If I = I(!) is g+–representable model over N , then I" = {"ab|N \
abC# : "ab|C ' I#} is g+–representable by Gaussian vector with the variance
matrix that is inverse to the variance matrix of !.

1However, this property does not hold for the class of independence models representable
by binary random vectors.



Gaussian Distributional framework

Independence models: example
There are 5 regularly Gaussian representable permutation
classes of independence models over D = {1,2,3}:

I1 = ∅
I2 = {〈12|∅〉}
I3 = {〈12|{3}〉}
I4 = {〈12|∅〉 , 〈12|{3}〉 , 〈23|∅〉 , 〈23|{1}〉}
I5 = {〈12|∅〉 , 〈12|{3}〉 , 〈23|∅〉 , 〈23|{1}〉 , 〈13|∅〉 , 〈13|{2}〉}

In addition there are two generally representable permutation
classes that are not regularly representable:

I6 = {〈12|{3}〉 , 〈23|{1}〉}
I7 = {〈12|{3}〉 , 〈23|{1}〉 , 〈13|{2}〉}



Gaussian Distributional framework

Independence models: minor
If I is an independence model over D = {1, · · · ,d} and E , F
are disjoint subsets of D then let us define the minor I[FE as an
independence model over D\EF

I[FE = {〈ab|C〉 ; E ∩ (abC) = ∅, 〈ab|CF 〉 ∈ I}

Notice that I[∅E = {〈ab|C〉 ; E /∈ ({a,b} ∪ C)},
I[F∅= {〈ab|C〉 ; 〈ab|CF 〉 ∈ I}, I[∅∅= I, (I[F1

E1
)[F2

E2
= [F1F2

E1E2
.

Properties involving minors
If an independence model I is generally/regularly representable,
then all its minors are generally/regularly representable.



Gaussian Distributional framework

Regular Gaussian representable
Every regularly Gaussian representable model must have
regularly representable minors. Using this property, among all
the independence models for four variables, 58 classes of
permutation equivalence with regularly representable minors
are found for four variables.
Among the 58 types, 5 of them are not regularly representable,
which left with 53 classes of permutation equivalent rugularly
representable models(629 independence models after
permutation).



Gaussian Distributional framework

Regular Gaussian representable:M1-M30
Independence Models 7

Figure 3: List of independence models M1–M88 and their g–representations.

to be continue



Gaussian Distributional framework

Regular Gaussian representable:M31-M53

Independence Models 7

Figure 3: List of independence models M1–M88 and their g–representations.

M54-M58 are
not regularly
Gaussian representable



Gaussian Distributional framework

General Gaussian representable:M1-M53, M59-M85
In addition, there are 27 Gaussian representable independence
models(M59-M85) which are not regular representable.

Independence Models 7

Figure 3: List of independence models M1–M88 and their g–representations.



Graphical Independence Models

Independence Models representable by undirected graph
For 4 variables, there are only 11 graphical(9 non-trivial) type of
independence models, while there are 80 general gaussian
representable, 53 regular gaussian representable
independence models in total.On Gaussian Conditional Independence Structures 335
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The gaussoid can be uniquely given by its intersection with R∗(N) if the cardi-
nality of this intersection is sufficiently high.

Lemma 6. If a gaussoid intersects R∗(N) in a set of cardinality at least three,
then it is isomorphic to one of the separation graphoids

� �� ���, � �� ���, � �� ���, � �� ���, � �� ����
,
� �� ����

�
,
� �� ��❅❅

�
or

� �� ���. (16)

P r o o f . The assertion is trivial if the intersection has the cardinality at least four

and in the cases
� �� ����∩R∗(N) and

� �� ����
�
∩R∗(N). The remaining two cases are also

straightforward, looking at the diagrams of gaussoids in Figure 2. �
An element (ij|K) of R(N) is called a t-couple if the cardinality of K is t.

Lemma 7. A gaussoid L with two 2-couples and at most two 0-couples is isomor-
phic to

� �� ��❅❅
�
,
� �� ��� or to L1–L7, see Figure 3.
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Fig. 3.

P r o o f . By Lemma 3, it suffices to assume that the gaussoid L contains
� �� ��❅❅

�
or� �� ��� strictly. In the first case, if L contains a 1-couple not in

� �� ��❅❅
�
, then it is



Discrete Distributional framework

Discrete distribution
A random vector ξ = (ξ1, · · · , ξd ) is called discrete if each ξa
takes values in a state space Xa such that 0 < |Xa| <∞. In
particular, ξ is called binary if ∀a : |Xa| = 2.
A discrete random vector ξ is called positive if

∀ x ∈ X =
n∏

a=1

Xa : 0 < P(ξ = x) < 1

Conditional independence for discrete variables
For discrete distributioned random vector, variables ξa and ξb
are independent given ξC if and only if for any xabC ∈ XabC :

P(ξabC = xabC) · P(ξC = xC) = P(ξaC = xaC) · P(ξbC = xbC)



Discrete Distributional framework

Discrete representable models
The class of all discrete representable models can be
described by the set C of irreducible models, i.e. nontrivial
discrete representable models that cannot be written as an
intersection of two other discrete representable models.
There are 13 types of irreducible models for discrete
distribution, and 18478 models in total corresponding to 1098
types.
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3.2 Discrete distributional framework

In brief, due to Lemma 4 an intersection of two d–representable models is also
d–representable. Therefore, the class of all d–representable models over N can
be described by the set C of so called irreducible models, i.e. nontrivial d–
representable models that cannot be written as an intersection of two other
d–representable models. It is not di!cult to evidence that a nontrivial inde-
pendence model I is d–representable if and only if there exists A ! C such
that

I =
!

C!A
C.

As shown in [5], [6] and [7] there are only only 13 types of irreducible models,
see Figure 4, and 18478 d–representable independence models corresponding to
1098 types.

Figure 4: Irreducible types.

Surprisingly, only partial results exist for d+–representability at this moment
(cf. [14] for an overview).

4 Graphical Independence Models

In the applications, the independence model determining a class of probability
distributions is not usually given as a list of prescribed conditional indepen-
dencies but as an undirected or directed acyclic graph. That is not only for
interpretation reasons but also because of nice properties of such models. The
theory is described in details in [1] (or [9]). An independence model will be
called graphical if it can be derived from some undirected graph by the global
Markov property.

Notes: results on positive discrete representable models are
not known yet.



Thanks!

Questions!
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