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Abstract— This paper investigates turbo methods for joint
synchronization and decoding in pulse amplitude modulated
(PAM) systems. We begin with a brief review of the turbo
principle before applying it to the synchronization problem.
Specifically, we propose and investigate a baud timing offset
synchronization algorithm for error control coded systems. Un-
like many previously proposed algorithms, which feed estimates
for the coded symbols to the decoder, our algorithm calculates
and exchanges extrinsic information values for the coded bits,
as is consistent with the turbo principle. Simulations prove the
algorithm’s utility and verify that it has performance near to
that of an ideal synchronizer achieving the Cramer Rao lower
bound on timing error estimation variance. We investigate both
systems employing regular convolutional error correcting codes
as well as serially concatenated convolutional turbo codes.

I. I NTRODUCTION

Much of past research on synchronization of (turbo) coded
systems, [1]–[6], has focused on the use of maximum like-
lihood estimation theory to determine the various synchro-
nization parameters (e.g. carrier phase, timing phase, and
frame synchronization). While this research has addressed the
parameter estimation problem rigorously (see, for example, the
EM algorithm justification in [7]), it has focused on using the
estimated synchronization parameters to create a synchronized
signal which is passed to the decoder. In systems with baud
timing offsets that use pulse shapes whose bandwidths exceed
the symbol rate this can result in a loss of sufficient statistics
for the transmitted symbols, [8], [9]. An optimal (minimum
BER) receiver allows the decoder to determine the a posteriori
probabilities (APPs) for the coded bits.

In this paper, we investigate using the estimated synchro-
nization parameters in a manner motivated by the general (se-
rially concatenated) turbo principle. Specifically, we consider
the synchronization unit to be another decoder, which we use
in a turbo scheme. Instead of passing a synchronized signal,
the synchronizer passes extrinsic information (EI) for each of
the coded bits to the decoder (which may or may not be a
turbo decoder). The decoder then generates EI for the coded
bits using the EI from the synchronizer as a priori information,
as is consistent with the turbo principle. Next, the EI values
from the decoder are passed as a priori probabilities to the
synchronizer, which uses them to update its synchronization
parameter estimates and its EI, and the structure iterates.
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Fig. 1. The encoder in a serially concatenated turbo system.

While [10] also considers the possibility of using turbo
methods for synchronization, there are a number of significant
differences between that development and the one here. First
of all, we consider fractionally spaced (twice oversampled)
receivers, and give our description for an arbitrary pulse shape,
choosing a specific pulse shape only for the simulations.
Second of all, we do not quantize the timing offset, and,
more significantly, we consider the timing offset to be fixed
over the length of one block. Furthermore, we use the EM
algorithm to determine the timing offset instead of a PLL.
Also, we consider only the synchronization problem here, not
joint synchronization and equalization. We compare the BER
performance of the scheme with that of other synchronizers
proposed in the literature by verifying its performance relative
to an optimal Cramer Rao lower bound achieving estimator.

To provide a justification for our technique, we will remind
the reader of the general turbo principle in Section II. After
introducing our notation and the system model in Section
III, we explain our scheme and how it relates to previously
investigated synchronization techniques in Section IV. Section
V discusses simulations which show how the scheme performs
relative to other strategies.

II. T HE TURBO PRINCIPLE FORSERIAL CONCATENATION

A heuristic explanation of turbo principle for serial concate-
nation is as follows. To encode data to protect its reliability, we
can use serially concatenated codes separated by interleavers.
We use the word “code” loosely here, in that it can refer to
both error control codes, such as error correction convolutional
codes, as well as the convolutional structure of the model ofan
asynchronous pulse shaped, multipath, or markovian channel.
Due to the interleavers in between the codes, the relationship

between the original transmitted data and the received data
is a complex one with a long memory, and an optimal
receiver algorithm (e.g., ML or MAP by brute force) would
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Fig. 2. A turbo decoder.

be computationally prohibitive. However, it is this complex
structure which makes the overall “effective” code between
the user’s data and the received data robust against errors due
to channel noise. Thus, we settle on a sub-optimal receiver,
which implements locally optimum symbol by symbol MAP
decoders for each of the constituent codes. Because the locally
optimum decoders operate on a symbol by symbol basis, to
handle the complex interactions caused by the interleaverswe
can just interleave and de-interleave the individual symbol
probabilities/ extrinsic information values. The decoders ex-
change EI for their individual input and output symbols, each
one using appropriately interleaved/deinterleaved EI values
from the other decoders as prior probabilities in determining
their own pseudo APPs and EI values. The structure iterates,
and although a general convergence proof is yet to be estab-
lished, practice and simulations suggest that it convergesto
good estimates of the transmitted signal.

Figure 2 illustrates this idea for the case of two serially
concatenated codes connected as shown in Figure 1. For the
following discussion, we will parallel a development in [11].
Assume we observe the outputs of this encoder through an
additive white gaussian noise channel

r = a + n

where r is a vector of our real valued observations,a is
the antipodal (BPSK) output of the innner encoder, andn

is a vector of independently and identically distributed zero
mean gaussian random variables with varianceN0. The inner
decoder determines pseudo-APPs for each of the symbols of
ξ̌ using the interleaved EI values from the outer decoder as
priors in a MAP algorithm for the inner code. To clarify what
this means, suppose that there were just the inner encoder.
Also suppose that the user of the communication system
had picked the elements in the vectorξ̌ independently from
symbol to symbol, so that the probability densityP (ξ̌) =
P (ξ1) · · ·P (ξN ), where ξi denotes theith element in the
vectorξ. Then the locally optimal MAP detector for the inner
encoder would calculate the probability ratios

P (ξi = 1|r)

P (ξi = 0|r)
=

∑

ξ|ξi=1 P (r|ξ)P (ξ)
∑

ξ|ξi=0 P (r|ξ)P (ξ)

factoring outP (ξi = 1) in the numerator andP (ξi = 0) in

the denominator gives

P (ξi = 1|r)

P (ξi = 0|r)
=

P (ξi = 1)

P (ξi = 0)
︸ ︷︷ ︸

Ui(1)

Ui(0)

∑

ξ|ξi=1 P (r|ξ)
∏

j 6=i P (ξj)
∑

ξ|ξi=0 P (r|ξ)
∏

j 6=i P (ξj)
︸ ︷︷ ︸

Ti(1)

Ti(0)

(1)

We call the first termUi(1)/Ui(0) the intrinsic information and
pseudo prior probability ratio for this code interchangeably.
The second termTi(1)/Ti(0) is called the extrinsic informa-
tion EI. Similarly, suppose there was only the inner decoder,
and we were given some prior probabilities for a sequence
ξ. Suppose we learned thatξ had come from the output of
the outer encoder. Call this eventB. Then, we can calculate a
posteriori probabilities given this new information, namely

P (ξi = 1|B)

P (ξi = 0|B)
=

∑

ξ:ξi=1 P (B|ξ)P (ξ)
∑

ξ:ξi=0 P (B|ξ)P (ξ)
(2)

Now denote the set of all possible codewords output from the
outer coder byC. Then

P (B|ξ) =

{
1 ξ ∈ C
0 otherwise

:= φ(ξ)

then we can rewrite (2) as

P (ξi = 1|B)

P (ξi = 0|B)
=

∑

ξ:ξi=1 φ(ξ)P (ξ)
∑

ξ:ξi=0 φ(ξ)P (ξ)
(3)

A turbo receiver uses the extrinsic information values for the
symbols from the inner decoder as prior probabilities for the
outer decoder. That is, we replaceP (ξ) in 3 with T (ξ) =
T1(ξ1) · · ·TN (ξN ) from 1 to get

P (ξi = 1|B)

P (ξi = 0|B)
=

Ti(1)

Ti(0)

∑

ξ:ξi=1 φ(ξ)
∏

j 6=i Tj(ξj)
∑

ξ:ξi=0 φ(ξ)
∏

j 6=i Tj(ξj)
︸ ︷︷ ︸

→
Ui(1)

Ui(0)

(4)

Where we replace the previous value ofUi in the first
decoder with the underbraced term in (4). The structure repeats
this iteration, multiplying the intrinsic information gives the
pseudo APP at every step. Letting a superscript(m) indicate
the current iteration number, we have

∑

ξ|ξi=1 P (r|ξ)
∏

j P (ξj)
∑

ξ|ξi=0 P (r|ξ)
∏

j P (ξj)
=

T
(m)
i (1)

T
(m)
i (0)

U
(m+1)
i (1)

U
(m+1)
i (0)

∑

ξ:ξi=1 φ(ξ)
∏

j Tj(ξj)
∑

ξ:ξi=0 φ(ξ)
∏

j Tj(ξj)
=

T
(m)
i (1)

T
(m)
i (0)

U
(m+1)
i (1)

U
(m+1)
i (0)

After these iterations have converged to a constant
T (m)(ξ)U (m)(ξ), we calculate the pseudo APPs for the user’s
transmitted signals with

P (si = 1|r)

P (si = 1|r)
≈

∑

s:si=1 T (m)(ξ(s))U (m)(ξ(s))
∑

s:si=0 T (m)(ξ(s))U (m)(ξ(s))

A key component of the turbo structure is the computation-
ally efficient way of implementing these equations, described
in [12].



When the encoder used at the transmitter is a normal convo-
lutional code (ie, not a turbo code) the turbo synchronizer to
be discussed in this paper will take the form described above,
with the outer encoder being the error control code used at the
transmitter, and the inner code the intersymbol interference
channel caused by the delayed pulse-shape in between the
transmitter and receiver. If a turbo error control code is used
to encode the sequence, we will have two of the decoders
described above. We will discuss this case in more detail in
the section on turbo synchronization.

III. SYSTEM MODEL

Our model for the communications system is shown in
Figure 3. For our examples, we are focusing on a sample
timing synchronizer. Binary data to be transmitted,s ∈ {±1}n,
is coded with a convolutional code to create the coded se-
quencea, which is interleaved using a random interleaver. The
interleaved sequence is then antipodally modulated on a square
root raised cosine pulse with roll off parameter.25, and passed
through a noisy channel with a delay and sampled to create
the received signalr. If the sampling is done at the baud rate,
this yields an effective overall discrete time equivalent model

r = HGa + n

where

H =











h(τ)
...

.. .
h(LhT + τ) h(τ)

.. .
...

h(LhT + τ)











is a convolution matrix created from delayed samples of the
pulse shapeh(t), G is an interleaving matrix (obtained by
permuting the columns of an identity matrix), andn is i.i.d.
Gaussian noise. It is also possible to oversample the signal, say
by sampling it at twice the baud rate. This is often desirable
because it gives sufficient statistics for the transmitted symbols
while baud spaced samples do not when the pulse shape has
bandwidth larger than the symbol rate,T . In this case of
oversampling by two, we can write the received signal as

r = H1Ga + H2Ga + n

where

H1 =











h(τ)
...

. ..
h(LhT + τ) h(τ)

. ..
...

h(LhT + τ)
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Fig. 4. A receiver employing the turbo principle to perform synchronization.

and

H2 =











h(τ + T
2 )

...
.. .

h(LhT + T
2 + τ) h(τ + T

2 )
.. .

...
h(LhT + T

2 + τ)











are convolution matrices obtained from the even and oddT/2
spaced samples of the delayed pulse shape respectively.

IV. T URBO SYNCHRONIZATION

A diagram of the proposed scheme for joint synchronization
and decoding is shown in Figure 4. The receiver consists of
three main blocks: an estimator for the baud timing offset, a
timing correction mechanism, and a decoder.

The timing offset estimator uses the expectation maximiza-
tion scheme described in [7] to form estimates,τ̂ (m), of the
baud fractional delay between the transmitter and receiver. It
calculates

τ̂ (m+1) = arg max
τ

Q
(

τ, τ̂ (m)
)

(5)

where

Q
(
τ, τ̂ (m)

)
=

∫

z
p(a|r, τ̂ (m)) ln p(r|a, τ)

≈
∑

a
T (m)(a)U (m)(a) ln p(r|a, τ)

(6)

p(r|a, τ) = fn (r − H(τ)a) = exp

(

−
‖r − H(τ)a‖2

N0

)

(7)

andz = [r,a]. Here,r refers to the received signal model
from Section III, and, likewise,a refers to the coded symbols.

As described in section II, the timing offset correction
portion of the synchronizer calculatesT (m)(a), the EI values
for the coded bits, [13] [14], using the EI values,U (m) from
the decoder’s previous iteration as prior probabilites (or, for
the first step,m = 0, an initialization ofU (0)). It does this
using the turbo iteration:

T
(m)
i (1)

T
(m)
i (0)

=

∑

a|ai=1 p(r|a, τ̂ (m))
∏

j 6=i U
(m)
j (aj)

∑

a|ai=0 p(r|a, τ̂ (m))
∏

j 6=i U
(m)
j (aj)

(8)
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Fig. 5. A turbo synchronizer for a system using a turbo error control code.

The decoder then uses the EI values from the synchronizer
as a priori probabilities for the coded bits. If the originalcode
was not a turbo code, the decoder uses the following iteration:

U
(m+1)
i (1)

U
(m+1)
i (0)

=

∑

a|ai=1 φ(a)
∏

j 6=i T
(m)
j (aj)

∑

a|ai=0 φ(a)
∏

j 6=i T
(m)
j (aj)

(9)

where

φ(a) =

{
1 a ∈ C
0 o.w.

and C is the codebook (the set of all possible encoded
sequences) used in the encoder.

If, on the other hand, the original code was a serially
concatenated convolutional turbo code, the decoder is a turbo-
decoder. Figure 5 depicts the turbo synchronization scheme
for this case. Denoting the extrinsic information values ofthe
input to the inner convolutional code,ξ, for the inner and outer
convolutional error correcting code asW andZ, respectively,
we have

W
(k)
i (1)

W
(k)
i (0)

=

∑

ξ|ξi=1 T (m)(a(ξ))
∏

j 6=i Z
(k)
j (aj)

∑

ξ|ξi=0 T (m)(a(ξ))
∏

j 6=i Z
(k)
j (aj)

(10)

Z
(k+1)
i (1)

Z
(k+1)
i (0)

=

∑

ξ|ξi=1 ψ(ξ)
∏

j 6=i W
(k)
j (ξj)

∑

ξ|ξi=0 ψ(ξ)
∏

j 6=i W
(k)
j (ξj)

(11)

where

ψ(ξ) =

{
1 ξ ∈ D
0 otherwise

and D is the set of all possible codewords that could be
output from the outer encoder. For each cycle of the turbo
synchronizer, we iterate the turbo-decoder, (10) and (11),by

incrementingk until its pseudo APPs converge at stepk = K.
Then, we use the converged APPs from (10) and (11), which
areU

(m)
i T

(m)
i

U
(m+1)
i (1)

U
(m+1)
i (0)

=

∑

ξ|ai=1 Z
(K)
i (ξ)W

(K)
i (ξ)

∏

j 6=i Tj(aj(ξ))
∑

ξ|ai=1 Z
(K)
i (ξ)W

(K)
i (ξ)

∏

j 6=i Tj(aj(ξ))
(12)

to calculate the next set of extrinsic information values. These
are then used by the timing offset estimation (5) and the
timing offset correction (8) units, and the structure iterates
(m increments).

As is consistent with the practical use of turbo methods, one
uses a computationally efficient algorithm, [12], to compute
(8)-(12). In fact, there are a number of variants of this
algorithm, that have an even lower computational complexity.
These considerations become important when implementing
turbo devices in practice. Our focus here, though, is on the
form of the algorithm, not its implementation. For a good
development of several variants of the symbol by symbol MAP
algorithm, and the tricks involved in implementing them in
practice, one can look to [15].

V. I MPLEMENTATION AND SIMULATIONS

To verify the performance of our turbo synchronization
scheme, we simulated a communication system transmitting
BPSK symbols with a square root raised cosine pulse shape
with roll-off parameter.25 in MATLAB and C. Figures 6 and 7
show the results of simulations for a rate1/2 convolutional and
rate1/3 turbo serially concatenated convolutional error control
code, respectively, and Table I explains the abbreviationsused
in the figures.



TABLE I

ABBREVIATIONS USED IN THE FIGURES.

abbreviation explanation
TE Turbo synchronization scheme described in this paper.
IE Performance of an ideal estimator acheiving the CRLB.
PS Performance of a receiver with perfect synchronization
N Length of original data sequences per block.
σ Variance of initial timing offset.
SNR Signal to noise power ratio.
BER Bit Error Rate.

Although it is known that one can design good interleavers
for turbo codes (see [16] for example) we used a randomly
chosen interleaver for ease of implementation. Thus, the per-
formance shown is averaged over several possible interleaver
choices.

We modelled the timing offsetτ between the transmitter
and receiver as a zero mean gaussian random variable with
varianceσ2. We simulated two variances,σ = .001 andσ =
.01, in order to verify that the algorithm worked just as well
for small timing offsets as it did for large ones. Indeed, the
comparable performance between the two subplots in Figures
6 and 7 suggest that this is the case.

To perform the minimization in (5), we used the golden
section search routine outlined in [17] after initializingwith
the minimum bracketing routine found therein as well.

We wished to verify that the proposed turbo-synchronizer
would perform well with respect to other timing offset esti-
mation schemes. To do this, we simulated the performance
of an estimator that achieves the Cramer Rao lower bound
(as detailed in [2]). Furthermore, we wanted to determine
what sort of loss of performance the scheme has with respect
to a perfectly synchronized system. As can be determined
from the closeness of the lines in Figures 6 and 7, all of
these scenarios have very similar performance. Thus, turbo-
estimation successfully achieves a performance near that of
an ideal estimator, which achieves performance near that ofa
perfectly synchronized system.

We investigated using different block lengths for the turbo
iteration. We expected that a longer block length would yield
a higher performance. This extra performance comes at a
price, however, since we have modelled the timing offset
as being constant over a block. For a longer block length,
then, the fastest timing offset change that the system can
handle decreases. Figures 6 and 7 suggest that this is the
case, although only slightly so, and for high SNR. Also, as
expected, the system using the lower rate turbo code achieved
a higher performance (lower BER) as the SNR increased
than the system with higher rate convolutional code. The
important thing to note, however, is that both systems attained
performance close to that of perfect synchronization in allof
the scenarios investigated.

VI. CONCLUSION

After giving a brief description of the turbo principle for
serially concatenated codes, we developed a joint synchroniza-
tion and decoding algorithm motivated by a turbo framework.

We determined the algorithm for both the case of a single
convolutional error correction code, as well as a serially
concatenated convolutional turbo code. Simulations indicated
as suspected that the turbo coded system with the lower rate
had better BER performance. By changing the variance of the
actual timing offset that the receiver had to estimate, we were
able to determine that the algorithm appears to be roughly
equally capable to estimate all timing offsets. Furthermore,
two different block lengths (and associated interleaver lengths)
were tried,N = 512 and N = 256. The receiver appeared
to perform only slightly better for the longer block length,
and the two had very similar performance. The algorithm was
shown via the simulations to have performance to both an
ideal estimator attaining the Cramer Rao lower bound, and a
system employing perfect synchronization.
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Fig. 6. Performance of turbo synchronization with a single rate 1/2 convolutional code.
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Fig. 7. Performance of turbo synchronization with a seriallyconcatenated convolutional turbo code (rate 1/3). Note that the BER quickly drops out of the
resolution of the simulations (200 monte carlo runs with the same range of SNRs as in Figure 6).


