
ECES 521 Practice Final

1. A particular large course at a university has 2 lecture times. Each student will be enrolled in exactly one of these
lecture times. N students enroll in the course.

(a) Suppose the students are allowed to enroll in the lecture time of their choice, and to do so, they each select one of
the 2 lecture times at random, independently of the other students. For k ∈ {1, 2}, let Xk be the random variable
indicating the number of students in lecture time k. Write the joint PMF for X1, X2.

(b) Now suppose the students simply enroll in the course. The university registrar chooses the number of students X1

in the first lecture time and the number of students X2 in second lecture time by choosing uniformly at random
from all non-negative integers X1, X2 that sum to X1 + X2 = N . The students are then ordered in alphabetical
order and the first X1 students are assigned to the first lecture time, and the remainder are assigned to the second
lecture time. Write the joint PMF for X1, X2.

2. A certain rental car company keeps a fleet of n1 cars of type 1 and n2 cars of type 2. On any given day, each car of
type 1 is inoperable with probability p1 and each car of type 2 is inoperable with probability p2, and each car fails
independently of the others. Given that on a particular day k cars are working, what is the probability that m1 of
them are of type 1?

3. A certain random variable X has CDF
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(1)

(a) Plot this CDF.

(b) Find the probabilities P[X = 1
4 ], P[X = 1

2 ], P[ 14 ≤ X ≤
3
4 ], P[ 14 < X ≤ 3

4 ], P[ 12 ≤ X ≤
3
4 ], and P[ 12 < X ≤ 3

4 ].

4. Let X be an exponentially distributed random variable with parameter λ, and let g(x) = (x2 − 1)2. Find the PDF of
Y = g(X).

5. Let X ∼ N (m,σ2) and Y ∼ U([−1, 1]) be two independent random variables, and let Z = X + Y .

(a) What is E[Z]?

(b) What is E[Z2]?

(c) What is the Moment generating function of Z?

6. Let X ∼ U([0, 2]) and Y ∼ Expo(λ) be independent random variables, and let Z = 3|X|+ 4Y . Find the joint CDF and
joint PDF of X and Z.

7. Suppose V ∼ N (m, 1) and Q ∼ N (0, σ2) are independent random variables, and R = V +Q.

(a) What is the PDF of R?

(b) What is the covariance of V and R, cov(V,R)?

(c) Find E[V R].

8. Suppose that N people need to be examined for a certain disease. Each examination takes a random amount of time,
independent of the other examinations, with mean m and standard deviation σ. The distribution of the amount of
time the exam takes is otherwise unknown. The facility where these people can be tested can only process 1 person at
a time, and the total amount of time spent processing the patients is

SN =

N∑
n=1

Xn (2)

where Xn is the amount of time spent on the nth patient.

(a) The company operating the facility observes calculates the average amount of time spent on each of the N patients
through µ̂N = SN

N . What should µ̂N converge to as N →∞?

(b) N is very large. How would one roughly calculate the probability that the empirical µ̂N is less than m+ σ?
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