
ECET 602: Homework 3. Scalar Quantization
Email by midnight Friday, May 1

1. Consider a source which is an I.I.D. sequence of normal N (0, 1) random variables, and select the
squared error distortion metric d(x, x̂) = (x− x̂)2. Provide your answers to all of the problems below
in the form of a distortion rate plot (rate in bits on x-axis, distortion in dB on y-axis), together with
a text answer to part 1d and your matlab code.

(a) Determine the distortion rate function D(R) for this source and distortion metric (see C. & T.
10.3.2).

(b) Numerically calculate the rate distortion performance of the Lloyd-Max quantizer, which for a
given number M = 2R of quantization levels {x̂0, . . . , x̂M−1}, selects the boundaries between
these quantization levels t1, . . . , tM−1 so as to minimize the distortion. The quantization levels
can be found with the following algorithm. (Choose an initial collection x̂0, . . . , x̂M−1, and set
d0 =∞, j = 1 and select some small ε > 0)

• Set tk = x̂k−1+x̂k

2 , k ∈ {1, . . . ,M − 1}. (t0 = −∞, tM =∞)

• Set x̂k =

∫ tk+1
tk

xfX(x)dx∫ tk+1
tk

fX(x)dx
, k ∈ {0, . . . ,M − 1}.

• The distortion achieved by these levels is dj =
∑M−1

k=0

∫ tk+1

tk
(x− x̂k)2fX(x)dx.

• If
dj−1−dj

dj
< ε stop, otherwise increment j and repeat.

This method will converge to the optimal (min distortion) quantization levels provided that
the source distribution fX gives log fX(x) a concave function.

(c) Numerically calculate the rate distortion performance offered by entropy coded scalar quantiza-
tion (ECSQ) for this source, which first quantizes this source with a quantizer, then losslessly
compresses the resulting quantized representation down to a rate equal to its entropy. (Note
that due to this entropy coding, the number of quantization levels is now free to grow much
larger than that given by the rate. You can include several plots for several fixed numbers of
quantization levels M .) The following numerical method (quoted from [1] citing [2]), can be
utilized to find the M quantization levels and distortion for a rate R

i. Choose an initial λ ≥ 0, and an initial x̂0, . . . , x̂M−1 with initial probabilities p0, . . . , pM−1,
set j = 1 and d0 =∞.

ii. Let Iq =
{
x ∈ R

∣∣(x− x̂q)2 − λ log2 pq < (x− x̂k)2 − λ log2(pk) ∀k 6= q
}

for each q ∈ {0, 1, . . . ,M−
1}

iii. x̂q = E[X|X ∈ Iq] for each q ∈ {0, 1, . . . ,M − 1}
iv. pq = P[X ∈ Iq] for each q ∈ {0, 1, . . . ,M − 1}
v. dj =

∑M−1
q=0 pqE[(X − x̂q)2|X ∈ Iq]

vi. If
dj−1−dj

dj
< ε continue to step 1(c)vii, else increment j and go to step 1(c)ii.

vii. If H(X̂) = −
∑

q pq log2(pq) /∈ (R− τ,R], adjust λ and repeat from begining.

When adjusting λ in the last step, it is helpful to note that the convergent H(X̂) will be non-
increasing as a function of λ. A bisection search starting from two extreme values of λ is one
approach here.

(d) Compare the various distortion rate plots. Do either of the two practical source codes based
on scalar quantization approach the rate distortion performance? Explain the reason behind
your answer. (Hint: One of the interesting aspects about lossy source coding of IID sequences
is that blocking is usually necessary to approach the rate distortion bound even though the
symbols are IID.)
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